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/ 32!2Plan of  this talk

I would like to “review” 

conformal symmetry in nonrelativistic systems, 

its consequences on (hydro)dynamics, 

and related experiments with ultracold atoms.

1.  Schrödinger algebra 

2.  Breathing mode 

3.  Efimovian expansion 

4.  Bulk viscosity
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1.  Schrödinger algebra

Y. Nishida & D. T. Son, PRD (2007); arXiv:1004.3597 

Y. Castin & F. Werner, PRA (2006); arXiv:1103.2851
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Maximal spacetime symmetries of

•  Translations in time and space 

•  Spatial rotations

•  Scale transformation

•  Conformal transformation

U. Niederer, HPA (1972) 
C. R. Hagen, PRD (1972)

•  Galilean boosts
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•  Scale transformation

•  Conformal transformation

~x ! e�s~x, t ! e�2st,  ! e(d/2)s 
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•  Scale transformation  (infinitesimal)
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•  Conformal transformation
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•  Scale transformation  (infinitesimal)
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•  Conformal transformation  (infinitesimal)

~  mean square radius 
~  harmonic potential

C ⌘
m

2

ZZZ
dd~x ~x2 † 

<latexit sha1_base64="yIXAvrJwZEorb5qeN+1DVNDXsQs="></latexit><latexit sha1_base64="yIXAvrJwZEorb5qeN+1DVNDXsQs="></latexit><latexit sha1_base64="yIXAvrJwZEorb5qeN+1DVNDXsQs="></latexit><latexit sha1_base64="yIXAvrJwZEorb5qeN+1DVNDXsQs="></latexit>

�s = s

✓
d

2
+ ~x · ~r+ 2t@t

◆
 

= �is [D � 2tH, ]
<latexit sha1_base64="hhDaZKnJqYXSSV4mgKD1GgVhvGc="></latexit><latexit sha1_base64="hhDaZKnJqYXSSV4mgKD1GgVhvGc="></latexit><latexit sha1_base64="hhDaZKnJqYXSSV4mgKD1GgVhvGc="></latexit><latexit sha1_base64="hhDaZKnJqYXSSV4mgKD1GgVhvGc="></latexit>

�c = c

✓
i
m

2
~x
2 � t

d

2
� t~x · ~r� t

2
@t

◆
 

= �ic
⇥
C � tD + t

2
H, 

⇤
<latexit sha1_base64="xh2RRibMw2/5aHTAh3cs3AEOlnY="></latexit><latexit sha1_base64="xh2RRibMw2/5aHTAh3cs3AEOlnY="></latexit><latexit sha1_base64="xh2RRibMw2/5aHTAh3cs3AEOlnY="></latexit><latexit sha1_base64="xh2RRibMw2/5aHTAh3cs3AEOlnY="></latexit>



/ 32!8Nonrelativistic CFT

D ⌘
ZZZ

dd~x ~x · †(�i
$
r) 

<latexit sha1_base64="cMIMRVah5wfGQFLNyUObw9zj3iQ="></latexit><latexit sha1_base64="cMIMRVah5wfGQFLNyUObw9zj3iQ="></latexit><latexit sha1_base64="cMIMRVah5wfGQFLNyUObw9zj3iQ="></latexit><latexit sha1_base64="cMIMRVah5wfGQFLNyUObw9zj3iQ="></latexit> Ḋ(t) = 0
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•  Scale transformation  (infinitesimal)

•  Conformal transformation  (infinitesimal)
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H=H’ for 
•  Inverse square  [V=1/r2] 

•  Zero-range (r0 =0) & infinite scattering length (a=∞)

!9Nonrelativistic CFT

Generators (D, C, H) obey SO(2,1) Lie algebra
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•  2D delta  [V=𝝳2(r)]  ??
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2.  Breathing mode

Y. Nishida & D. T. Son, PRD (2007); arXiv:1004.3597 

Y. Castin & F. Werner, PRA (2006); arXiv:1103.2851
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     is primary when

!11Operator-State correspondence

[D,H] = 2iH, [C,H] = iD, [D,C] = �2iC
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<latexit sha1_base64="KmjfKdxit1tGX3LwgBsLLATuvyY=">AAACinicbZFNSwMxEIbT9bt+tXr0IvYiWKQrBRFFigp6VLAqmCKT3XFdmmSXJK2WsH/Dq/4t/43puiLbOpe8vPPMDJNhKY+1abW+Kt7M7Nz8wuJSdXlldW29Vt+408lABdgNEp6oBwYaeSyxa2LD8SFVCIJxvGf983H+fohKx4m8NaMUewIiGT/HARhnUcqEpRfIDWTVp1qjtd/KY3ta+IVokCKun+qVFxomwUCgNAEHra3CocG3dlalA40pBH2I0ILQAsxL0716JFiTiVL+0UkJAnUzHMapzmXP5ps5TuJrkAgBMrRUYZg9+j1rqRticsKOPdvws2yCjRSinKIvc/c/nvEBTuG5+Usr/OOpq0hBmRh4qY8bC+Nm7lMlMA7lKXTP0hCiCMuL0RNLOciI4+SUU7fzT8Ldxp+8xLS4O9j3nb5pNzpnxZUWyRbZIbvEJ4ekQ67INemSgKTknXyQT2/FO/COvOMf1KsUNZukFN7FN4VpzdE=</latexit><latexit sha1_base64="KmjfKdxit1tGX3LwgBsLLATuvyY=">AAACinicbZFNSwMxEIbT9bt+tXr0IvYiWKQrBRFFigp6VLAqmCKT3XFdmmSXJK2WsH/Dq/4t/43puiLbOpe8vPPMDJNhKY+1abW+Kt7M7Nz8wuJSdXlldW29Vt+408lABdgNEp6oBwYaeSyxa2LD8SFVCIJxvGf983H+fohKx4m8NaMUewIiGT/HARhnUcqEpRfIDWTVp1qjtd/KY3ta+IVokCKun+qVFxomwUCgNAEHra3CocG3dlalA40pBH2I0ILQAsxL0716JFiTiVL+0UkJAnUzHMapzmXP5ps5TuJrkAgBMrRUYZg9+j1rqRticsKOPdvws2yCjRSinKIvc/c/nvEBTuG5+Usr/OOpq0hBmRh4qY8bC+Nm7lMlMA7lKXTP0hCiCMuL0RNLOciI4+SUU7fzT8Ldxp+8xLS4O9j3nb5pNzpnxZUWyRbZIbvEJ4ekQ67INemSgKTknXyQT2/FO/COvOMf1KsUNZukFN7FN4VpzdE=</latexit><latexit sha1_base64="KmjfKdxit1tGX3LwgBsLLATuvyY=">AAACinicbZFNSwMxEIbT9bt+tXr0IvYiWKQrBRFFigp6VLAqmCKT3XFdmmSXJK2WsH/Dq/4t/43puiLbOpe8vPPMDJNhKY+1abW+Kt7M7Nz8wuJSdXlldW29Vt+408lABdgNEp6oBwYaeSyxa2LD8SFVCIJxvGf983H+fohKx4m8NaMUewIiGT/HARhnUcqEpRfIDWTVp1qjtd/KY3ta+IVokCKun+qVFxomwUCgNAEHra3CocG3dlalA40pBH2I0ILQAsxL0716JFiTiVL+0UkJAnUzHMapzmXP5ps5TuJrkAgBMrRUYZg9+j1rqRticsKOPdvws2yCjRSinKIvc/c/nvEBTuG5+Usr/OOpq0hBmRh4qY8bC+Nm7lMlMA7lKXTP0hCiCMuL0RNLOciI4+SUU7fzT8Ldxp+8xLS4O9j3nb5pNzpnxZUWyRbZIbvEJ4ekQ67INemSgKTknXyQT2/FO/COvOMf1KsUNZukFN7FN4VpzdE=</latexit><latexit sha1_base64="KmjfKdxit1tGX3LwgBsLLATuvyY=">AAACinicbZFNSwMxEIbT9bt+tXr0IvYiWKQrBRFFigp6VLAqmCKT3XFdmmSXJK2WsH/Dq/4t/43puiLbOpe8vPPMDJNhKY+1abW+Kt7M7Nz8wuJSdXlldW29Vt+408lABdgNEp6oBwYaeSyxa2LD8SFVCIJxvGf983H+fohKx4m8NaMUewIiGT/HARhnUcqEpRfIDWTVp1qjtd/KY3ta+IVokCKun+qVFxomwUCgNAEHra3CocG3dlalA40pBH2I0ILQAsxL0716JFiTiVL+0UkJAnUzHMapzmXP5ps5TuJrkAgBMrRUYZg9+j1rqRticsKOPdvws2yCjRSinKIvc/c/nvEBTuG5+Usr/OOpq0hBmRh4qY8bC+Nm7lMlMA7lKXTP0hCiCMuL0RNLOciI4+SUU7fzT8Ldxp+8xLS4O9j3nb5pNzpnxZUWyRbZIbvEJ4ekQ67INemSgKTknXyQT2/FO/COvOMf1KsUNZukFN7FN4VpzdE=</latexit>

✓
C ⌘

m

2

ZZZ
dd~x ~x2 † 

◆

<latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit>

O
<latexit sha1_base64="bfkTeZqZqThkbpiUatUgb8LQXfw="></latexit><latexit sha1_base64="bfkTeZqZqThkbpiUatUgb8LQXfw="></latexit><latexit sha1_base64="bfkTeZqZqThkbpiUatUgb8LQXfw="></latexit><latexit sha1_base64="bfkTeZqZqThkbpiUatUgb8LQXfw="></latexit>



/ 32!12Operator-State correspondence

[D,H] = 2iH, [C,H] = iD, [D,C] = �2iC
<latexit sha1_base64="pn/GsEybVuQHd6m7ctxSFipfpfY="></latexit><latexit sha1_base64="pn/GsEybVuQHd6m7ctxSFipfpfY="></latexit><latexit sha1_base64="pn/GsEybVuQHd6m7ctxSFipfpfY="></latexit><latexit sha1_base64="pn/GsEybVuQHd6m7ctxSFipfpfY="></latexit>

raising & lowering operators

|Oi
<latexit sha1_base64="Ht9cGy9ABWCT4yyaPVFdzoA6/po="></latexit><latexit sha1_base64="Ht9cGy9ABWCT4yyaPVFdzoA6/po="></latexit><latexit sha1_base64="Ht9cGy9ABWCT4yyaPVFdzoA6/po="></latexit><latexit sha1_base64="Ht9cGy9ABWCT4yyaPVFdzoA6/po="></latexit>

2!
<latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit>

2!
<latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit>

L+|Oi
<latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit><latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit><latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit><latexit sha1_base64="5G0lUYrS0xNAoU/UhcPL7Fyjnak="></latexit>

L2
+|Oi

<latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit><latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit><latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit><latexit sha1_base64="WbCFKLCVe6HAiYO25utYN76mtqA="></latexit>

�!
<latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit><latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit><latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit><latexit sha1_base64="6Qoc8sXIbtORZgkuiDIo5LbotCQ="></latexit>

2!
<latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit><latexit sha1_base64="0YGDR2diCC/0zYzqoYtaPK9+8e8=">AAACinicbZHdSgMxEIXT9a/+t3rpjdgbwSLdUhBRpKCglxWsFpoik91xXUyyS5JWS9jX8FZfy7cxXSuyrXOTw5kvcxiGpTzWptH4KnkLi0vLK+XVtfWNza3tSnXnXidDFWA3SHiiegw08lhi18SGYy9VCIJxfGAvl5P+wwiVjhN5Z8YpDgREMn6KAzDOopQJ26SJwAiyx0qtcdzIa39e+FNRI9PqPFZLzzRMgqFAaQIOWluFI4NvrWyNDjWmELxAhBaEFmCe6+7VY8HqTBT6fSclCNT1cBSnOpcDm2/mOImvQSIEyNBShWHW9wfWUhdicsJOPFvzs2yGjRSinKOvc/c/nvEhzuG5+Usr/OOp+5GCMjHwwhwXC5NhwlIJjEMxhR5ZGkIUYXExem4pBxlxnE25cDv/NNxt/NlLzIv75rHv9G2r1m5Pr1Qme+SAHBKfnJA2uSEd0iUBSck7+SCf3obX9E69sx/UK03/7JJCeVffGb7OFg==</latexit>

Valid for 
any scale invariant systems 
confined by harmonic potential

L�|Oi = 0

H!L
n
+|Oi = (�! + 2n!)Ln

+|Oi
<latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit><latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit><latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit><latexit sha1_base64="PIoqL4M+SmAJ9yav+LMXSc0hjys="></latexit>

H! ⌘ H + !
2
C, L± ⌘ H � !

2
C ± i!D

<latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit><latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit><latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit><latexit sha1_base64="b3ls61m525mzSBSz9L4heHyA/B8="></latexit>

[H!, L±] = ±2!L±, [L+, L�] = �4!H!
<latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit><latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit><latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit><latexit sha1_base64="hla15Nu9e8Ps5scFXUpKmLOVagA="></latexit>



/ 32!13Breathing mode
Arbitrary time-evolving state | ti = e�iH!t| 0i

<latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit><latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit><latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit><latexit sha1_base64="i0u9mF4hPddPWxfzdnHT7NP0b5k="></latexit>

✓
C ⌘

m

2

ZZZ
dd~x ~x2 † 

◆

<latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit><latexit sha1_base64="pqWWDhZ6CdPmG7TKqv7zd20KZFM="></latexit> h~x2i = A+B cos (2!t+')
<latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit><latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit><latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit><latexit sha1_base64="GWbJDRIIu32ZUmiKJNDmXfSlluQ="></latexit>

Undamped “breathing mode” 

with frequency right at 2𝞈

Mean square radius

hCi = h 0|eiH!t
2H! � L+ � L�

4!2
e
�iH!t| 0i

= h 0|
2H! � e

i2!t
L+ � e

�i2!t
L�

4!2
| 0i

=
h 0|H!| 0i � cos(2!t + ')|h 0|L+| 0i|

2!2
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!14Breathing mode

Tunable via Feshbach resonance 
with ultracold atoms
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only classically but NOT quantum mechanically

!15Conformal anomaly
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Cf.  Small shift (~1%) compared to prediction (~10%) may be 
 due to effective range effect H. Hu et al., arXiv:1806.04383

V = �g �2(~r)
<latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit><latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit><latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit><latexit sha1_base64="l6aDMqSaVGSpnelM4/ghNb6Fm/Q="></latexit>

H is scale invariant for                              in 2D 

only classically but NOT quantum mechanically

T < 0.2 TF



/ 32!18

3.  Efimovian expansion

S. Deng et al., Science (2016); PRL (2018) 

Z.-Y. Shi et al., PRA (2017)
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Generators (D, C, H) obey SO(2,1) Lie algebra
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Cf.  Efimov effect  (discrete scale inv. in 3-boson physics)
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h~x2i ⇠ t ln t [A+B cos (� ln ln t+')]
<latexit sha1_base64="dwflq0spqoOD47nHMr3SlYBlVd0="></latexit><latexit sha1_base64="dwflq0spqoOD47nHMr3SlYBlVd0="></latexit><latexit sha1_base64="dwflq0spqoOD47nHMr3SlYBlVd0="></latexit><latexit sha1_base64="dwflq0spqoOD47nHMr3SlYBlVd0="></latexit>



/ 32!24

4.  Bulk viscosity

D. T. Son & M. Wingate, Ann Phys (2006) 
D. T. Son, PRL (2007) 
K. Fujii & Y. Nishida, arXiv:1807.07983
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Undamped “breathing mode” 

for any scale invariant systems 
confined by harmonic potential

Vanishing bulk viscosity !?

When coupled with external gauge field & metric

•  Gauge transformation 

•  General coordinate transformation 

•  Conformal transformation

~x ! ~x0(~x, t)
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Microscopic symmetries must be 

inherited by hydrodynamics

Viscous stress tensor

fluid expansion

volume expansion

 coupled with metric

is invariant under general coordinate transformation

Vanishing bulk viscosity  @  a=infinite

but is NOT under conformal transformation

⇡ij = ⇣ �ij @kv
k + shear
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T/TF = 0.2 ⇠ 0.6
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Scattering length explicitly breaks scale invariance 

because

!28Microscopics  @  a=finite

S(a) ! S(esa)
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~x ! e�s~x, t ! e�2st,  ! e(d/2)s 
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Scale invariance is “formally” recovered if

a(~x, t) ! a0(~x0, t0) = e�sa(x, t)
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spurion field  (spacetime-dependent)

Microscopic symmetries must be 

inherited by hydrodynamics

is NOT invariant under conformal transformation

⇡bulk
ij = ⇣ gij
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k + @t ln
p
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Scattering length explicitly breaks scale invariance 

because

!29Microscopics  @  a=finite

S(a) ! S(esa)
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Scale invariance is “formally” recovered if

Microscopic symmetries must be 

inherited by hydrodynamics

a(~x, t) ! a0(~x0, t0) = e�sa(x, t)
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spurion field  (spacetime-dependent)
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is NOT invariant under conformal transformation
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Ongoing experiment 
toward extraction of  bulk viscosity
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I would like to “review”  have “reviewed” 

conformal symmetry in nonrelativistic systems, 

its consequences on (hydro)dynamics, 

and related experiments with ultracold atoms.

1.  Schrödinger algebra 

2.  Breathing mode 

3.  Efimovian expansion 

4.  Bulk viscosity


