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Path Integral and Trans-series

path integral 7 = J9¢ exp (—S[(p])

- integral over all field configurations --- (usually) impossible

- perturbative expansion :-- divergent, Borel non-summable

- non-perturbative saddle points ~

Za(g) — e_SG(g)gaa (CO',O + CO',I g+ CG,Z 82 + )

Z(8) = Z n,Z, - contribution of saddle point
0ES
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Saddle Points of Action

- saddle points : solutions of equation of motion of S
- not only real solutions :-- complex saddle points

- analytic continuation of action S[@] = S[@p + i@;]

0S
Euler-Lagrange equation — =0
@

nm us

— “perturbative vacuum”, “instanton”, etc
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Lefschetz Thimble

2g) = ) n,Z,

ceES

. g ” .
Which saddle points? * Lefschetz thimble

Which contour?

[ thimble £ and dual thimble ]

Z(; J SZCD GXp(—S[(p]) na — <‘%0’ (g>
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Renormalon

- 4d QCD, 2d NLSM, etc : diagrams with factorially large contribution

4 )
ambiguity *+ie - with

O Borel o™ gzN

# instanton S ~ — -+ vanishes for N — o0, ¢°N = fixed
8

=) other saddle points? renormalon
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- bion : pair of fractional instanton - instanton

1

Shion ~ gz_N .- survives in the large N limit

relation between bion and renormalon?

[Argyres-Unsal, 2012]

\ 4

- 2d CPNmodel is a good testing ground
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2d analog of 4d gauge theory
: toy model 4d QCD-like models

asymptotic freedom,

common properties: ..
PToPp instanton, large-N limit ...

* (similar resurgence structure as 4d QCD )

bion . non-trivial resurgence structure?



Fractional Instanton

- Euclidean action density of instanton in CP'model on R X Sl
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CPN-1 Model on Cylinder

- cylinder : Euclidean time 7 € R and spacial S'

X~ x+27nR R : compactification radius

N ¢ |
Szz de.x |91¢A|2+1D(|¢A|2
A=1"° -

g°’N )

¢4 (A =1,---,N): charged scalar fields (g, = 1)
<, : covariant derivative 9, = (0, + iA)) ¢,

A; : auxiliary U(1) gauge field, D : Lagrange multiplier
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Background Holonomy

for SU(N) Global Symmetry

Twisted Boundary Condition

Gs(x +27R) = exp(riRmy,) ¢4(x)

(my, ---,my) € w(H!1 c suv)

Al
— —— :enhancement of Zy-symmet
NR N-SY ry
b R o) A — A :
— @MR —
A A+1 X X NR

=) adiabatic continuity




Instantons in CPN-1 Model

-

- single instanton (in the A-th classical vacuum) u =

PP = le—%wu—mBR . { U=ty (B=4)
g dp (B#A)
1 1 '
A =—dy, A =-—0y, D=—0y
T X X 2 T 2 l

—2m,R 2 —2mnR 2
w =tog( 1ul ™" lu=uy P+ Y, lul"* |, )
B#A
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Instantons in CPN-1 Model

- value of action for single instanton

27T
S = —  # IRrenormalon
8
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Fractional Instantons

- fractional instanton solutions (N solutions A=1,---,N)

Ly Ly
= e TV TR x g Prrq = e 2V uMank

by =0 (B#A,A+1)

L - fractional instanton = kink
S=gNY mylul* [/
: ; o - value of action for single kink
T
/ G 2r(my 1 — My)R
MUR —— —— e

g2

in Zy symmetriccase S = —— (1/N x single instanton)
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7 — tr e PH : periodic boundary condition 7 ~ 7 + f§

fractional instantons are not periodic but

anti-kink

A




Large-N Analysis

large-N bion contributions : two routes

1. g expansion .- trans-series large-N limit

2. large-N limit ‘t Hooft coupling expansion
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2. large-N limit = 't Hooft coupling expansion
\ )

[ Ishikawa, Morikawa, Nakayama, Shibata, Suzuki, Takaura, 2019]
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Plan of Talk

Route 1 : Semi-classical (small g) Expansion

Route 2 : Large-N Analysis




2d ./ = (2,2) SUSY CPN-1sigma model
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N
1
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2d ./ = (2,2) SUSY CPN-1sigma model

-

N\

N
=) [|@,¢A|2+|a¢A|2+iD(
A=1

o — —
A gzN

~

+ <

source

) + fermions

J

d(x + 22R)

z//fr(x + 27R)

twisted boundary condition

- model on torus (7,x) ~ (t+ f,x) ~ (t,x + 2zR)

- periodic boundary conditionfor t~ 7+ f (ff = )

exp(ZﬂimAR) d?(x)

exp(2zim”*R) y/fr(x)




Source Term

A = €2

SOuUrce

( )

> = g°N ZmAlqul2 : moment map for U(1l) C SU(N)
A

\_ J




Source Term

A = €2

SOuUrce

\_

> = g°N ZmAlqul2 : moment map for U(1l) C SU(N)
A

v

Z(g,e) = JQZ(p exp(—S) :generating function




Source Term

A

SOuUrce

= €X

2

= g’N ZmAlgbAl2 : moment map for U(1l) C SU(N)
A

v

\_

Z(g,e) = [9¢ exp(—S) :generating function

n-point correlation function E® =

n! \ ode

1 o\t .. 1 _
< ) — lim —logZ

| P

-

ED = (x)

ER) —

4z (3(0) 2(0))

~

- e=0



Route 1

Semi-classical Expansion
(Small Coupling Expansion)
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_ i pa0ipa — Pa0iPa P

; c=0+-- etc
2 | al’
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Eliminating Auxiliary Fields

- e.o.m. for auxiliary

vector multiplet (4;,0, D, 1)

.
CD.O0D. — 0D
= ; Py z¢i4¢ |€le Pa 4o =04 - ote
A J
- D-term constraint | ¢, \2 = 1/g?
P = % (a=1,---,N—1) :inhomogeneous coordinates
N

[Gal_? (D,uqoaD'u@b _ '7_”? DZ

— b a 1 a-b,, c—d
Wla - l//l;f D ZWr) +E abed ¥ l//[;l//,,l//f,i + 7 sorce




2d CP1 Sigma Model

2d N = (2, 2) SUSY CP'sigma model

'/_/rl//rf”l Y

& = 091" = Dy, — 1Dy + 0
(1+ 1g,17)" -
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2d CP1 Sigma Model

2d N = (2, 2) SUSY CP'sigma model

§
1 1 [ _ - TIRV/RV7

Z =— — | 191" = 5, Dw, — 5Dy + 121 >

k 8 (1+ |g,17)" L (1+1¢a17)"-

a \/
(z,%) ~ (1,x 4+ 27R) € R x S! 1=l
gsorce — €4 )
1+ |

twisted boundary condition
o(x + 27R) = e*™"R p(x)

W, (X + 27R) = g 2FimR W (%)

\_

deformation term in Lagrangian

Z(G) : generating function for “"height”

'
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Equation of Motion

SUR2)  SUQR)"
Uy — UA1)C

- complexificatoin

- coordinates (@, @) CP! correspondsto ¢ = @

— equations of motion—

o o
S AL

Slp.p] — Slg, ] Sp  6p

- analytic continuation of S

- x-independent ansatz

@(7,x) = @(7) , -
mp> Leading order contribution

@(7,x) = (1)
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Bion Solution

- two conserved charges ( time shift, phase rotation )

~ solution (up to sym.) ~

3 sn(wr, k)
o=0p=A (Jacobi elliptic function)
cn(wrt, k)
\_ _J

(A,w, k) :complex constants depending on (g, m, €, 3)

[p7 q :integers labeling solutions )

p=>20 0Z¢g<p-1

- complex saddle points ¢ # ¢ for generic P, g
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Real Bion Solution (p=1)

* single bion solution [ @ =¢ =Asinhwr (f = o0) j

1 —1¢ . hei
...... N — : height

2m

real ~ € 92 %0 there must be
* another contribution

even fore =0
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Complex Bion Solution (p=1)

complex bion : . A
not on the original contour PT YT Coshwr

1 —ep

<

_1+¢¢

complexified
height

" 5(0)

0
el T Eéoinmex =0 consistent

with SUSY

g for ce=1 )




Kink profile of multi-bion

-~

- p : number of bions

q : label saddle points in p-bion sector

~

complex bion real bion complex bion

(p,q) = (3,1) : multi bion solution
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r \
det Ay .
Z,= | dvol exp(—S.¢) + 0(g7)
det Ap
7 \
! one-loop determinant bion effective action )

“nearly flat” directions (7}, ¢;) : positions and phases

kink gas with complexified quasi-moduli



Single Bion Contribution

- quasi-moduli integral for p-bion contribution

4 )
det Ay

/. = | dvol exp(—S
P J det Ag P(= e




Single Bion Contribution

- quasi-moduli integral for p-bion contribution

4 )
det Ay

/. = | dvol exp(—S
P J det Ag P(= e

- complexified quasi-moduli integral

Which saddles? Which contours?



Single Bion Contribution

- quasi-moduli integral for p-bion contribution

4 )
det Ay

/. = | dvol exp(—S
P J det Ag P(= e

- complexified quasi-moduli integral

Which saddles? Which contours?

v

Lefschetz thimble



Single Bion Contribution

- quasi-moduli integral for p-bion contribution

4 )
det Ay

/. = | dvol exp(—S
P J det Ag P(= e

- complexified quasi-moduli integral

Which saddles? Which contours? .y A

Lefschetz thimble 3d projection from C? 3 (7, ¢)

(p=1)




Single Bion Contribution

- quasi-moduli integral for p-bion contribution

4 )
det Ay

/. = | dvol exp(—S
P J det Ag P(= e

- complexified quasi-moduli integral

Which saddles? Which contours? .y A

Lefschetz thimble 3d projection from C? 3 (7, ¢)

(p=1)




Single Bion Contribution

- single bion contributionto £ = — lim —logZ

p— oo

- 42 _2¢
I'(¢) 47zmR 1I'(1 — mR) 4rmR .. _4mR
Ep=1 — 2m ~ e et g*
F1-2 | g Td+mBR | \ &
N 1 1
with é=¢e+1 and — = —log|RA]
8R w




Single Bion Contribution

- single bion contributionto £ = — lim —logZ

p— oo

4zmR T(1 — mR)

2
gsr T(1+ mR)_ (

with

1
=€+ 1 and —

S8R

1
log | RA |
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Generalization to CPN-1 model

N-1 types of bions

* single bion contributions

. 2 2(1-8)

. 1 I'(d+mR) drmy, R

2 ZJZ'mefb ~ eXp —
P I'(l1—-¢&) I'(1 —myR) g%

jump of imaginary part

(1 + (m, — m,)R) T(1 — m,R)

d,=]—
b wipy Ma — 1M ['(1 — (m, —my)R) I'(1 + myR)
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m, = —— < /, symmetric twisted boundary condition

“ NR

- single bion contribution ~

1
__ =y — O (1) z 2) z2 4 ...
'Blogszl(e) = Ep=1+Ep=18+Ep=18 +

_ A . _
= 2NR|A|? —§+(log - Iyiﬂ>§2+---
_ 8N 2




Large-N limit

a
m, = —— < /, symmetric twisted boundary condition

“ NR

- single bion contribution ~

1
- =y — O (1) z 2) z2 4 ...
ﬁlogszl(e) = Ep=1+Ep=18+Ep=18 +

[ Ar mi\ _
= 2NR|A|"| — &+ | log —trE— &+
« | grN 2

1 4
IAI2=—eXp( ﬂ)
R? gsN

fixed in the large-N limit




Large-N limit

a

m, = e Z  symmetric twisted boundary condition
- single bion contribution ~
1
- AN 7)) (D z (2) 22 4 ...
5 log Z,-1(€&) = Ep=1 + Ep=1 g+ Ep=1 E° +
[ Ar mi\ _
= 2NR|A|"| — &+ | log —trE— &+
« | gsN 2
k . - )

, 1 dr
[ A" =—=7exp ) v
K 8N survives in the large-N limit
fixed in the large-N limit




1d limit .-« CPN-1 QM

ground state energy

ED =0

one-point function
gD — _

m
m coth g

2

g2

(9]

E® = EO - o B P

pert

p=1 L

two-point function

4mp2 <

+72’i ] 2m
+ 09 ——

> + 0(g?)

complete agreement with exact results

obtained from Schrodinger equation




Route 2

Large-N Analysis
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2d CPN-1sigma model

2d ./ = (2,2) SUSY CPN-1sigma model

( )

N
1
7= 124, + |0¢A|2+iD(|¢A|2——) + fermions
A=1 g2N
\_ J

+ <

source

. Integrating out N chiral multiplets (¢, 1/124, l//,f‘)

S N |- sz1 det |AA;, 0,D, A, m, €)] D |
= — — 0g sde s O, D, A,m, €)| — ——
ot N . ’ 22N

a=1

large-N limit : N — oo with g?N - fixed
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Large-N Saddle Point

constant ansatz

A SR | 1 1
5D DI R - — g
const  p=—oo0 A=1 \/(n/R +my +A)>+ |o|” — g*Nemy + iD
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Leading order part of generating function
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Two Point Funciton in CPN-1 SQM

large-N analysis
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- no imaginary ambiguity E% = —g°N

not consistent with bion and Schrdinger eq.
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- bion contributions in CPN-1sigma model

- large-N limit with Zy symmetric twisted boundary condition

- some of bion contributions are correctly reproduced

- non-trivial resurgence structure has not yet been reproduced
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- some of bion contributions are correctly reproduced

- non-trivial resurgence structure has not yet been reproduced

-’ future problem



