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Path Integral and Trans-series

Z = ∫ 𝒟φ exp (−S[φ])path integral

· integral over all field configurations  ···  (usually) impossible

· perturbative expansion ··· divergent, Borel non-summable

Z(g) = ∑
σ∈𝔖

nσZσ

non-perturbative saddle points 

··· contribution of saddle point σ

Zσ(g) = e−Sσ(g)gασ (cσ,0 + cσ,1 g + cσ,2 g2 + ⋯)
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Saddle Points of Action

· saddle points : solutions of equation of motion of S

· not only real solutions ··· complex saddle points

· analytic continuation of action S[φ] = S[φR + iφI]

→   “perturbative vacuum”,  “instanton”, etc

Euler-Lagrange equation
δS
δφ

= 0
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Lefschetz Thimble

Which saddle points? Lefschetz thimble
Which contour?

Z(g) = ∑
σ∈𝔖

nσZσ

nσ = ⟨𝒦σ , 𝒞⟩Zσ = ∫𝒥σ

𝒟φ exp(−S[φ])

 thimble              and dual thimble 𝒦σ𝒥σ
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ambiguity  with±ie−Sσ

· 4d QCD, 2d NLSM, etc : diagrams with factorially large contribution

•••

Borel Sσ ∼
1

g2N

≠ instanton N ! 1, g2N = fixed
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ambiguity  with±ie−Sσ

· 4d QCD, 2d NLSM, etc : diagrams with factorially large contribution

•••

Borel Sσ ∼
1

g2N

≠ instanton N ! 1, g2N = fixed
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···   vanishes forSinst ∼
1
g2

renormalonother saddle points?
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Bion Saddle Points

· bion : pair of fractional instanton - instanton

Sbion ∼
1

g2N
··· survives in the large N limit

relation between bion and renormalon?

[Argyres-Ünsal, 2012]

· 2d CPN model is a good testing ground
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:  toy model 4d QCD-like models

similar resurgence structure as 4d QCD

common properties :

2d CPN model

asymptotic freedom,  
instanton, large-N limit …

2d analog of 4d gauge theory

bion：non-trivial resurgence structure?
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· instanton N fractional instantons in CPN-1 model
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high

· Euclidean action density of instanton in CP1 model on　　　　　

· instanton N fractional instantons in CPN-1 model
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CPN-1 Model on Cylinder

S =
N

∑
A=1

∫ dτdx [ |𝒟iϕA |2 + iD( |ϕA |2 −
1

g2N )]

· cylinder : Euclidean time  and spacial  τ ∈ ℝ S1

 : charged scalar fields  ϕA (A = 1,⋯, N) (qA = 1)

 : auxiliary  gauge field,     : Lagrange multiplierAi U(1) D

x ∼ x + 2πR  : compactification radiusR

 : covariant derivative  𝒟i 𝒟iϕA = (∂i + iAi)ϕA



Twisted Boundary Condition

ϕA(x + 2πR) = exp(2πiRmA) ϕA(x)

Background Holonomy 
for SU(N) Global Symmetry

(m1, ⋯, mN) ∈ 𝔲(1)N−1 ⊂ 𝔰𝔲(N)



Twisted Boundary Condition

ϕA(x + 2πR) = exp(2πiRmA) ϕA(x)

Background Holonomy 
for SU(N) Global Symmetry

adiabatic continuity 

: enhancement of ZN-symmetrymA =
A
N

1
R

ϕA → e
ix

NR ϕA+1 Ax → Ax −
1

NR

(m1, ⋯, mN) ∈ 𝔲(1)N−1 ⊂ 𝔰𝔲(N)



Instantons in CPN-1 Model

· single instanton (in the A-th classical vacuum)

aB
ϕB =

1
g

e− 1
2 ψ u−mBR × {

u = e
τ + ix

R

u − u0 (B = A)
(B ≠ A)

Aτ =
1
2

∂xψ, Ax = −
1
2

∂τψ, D =
i
2

∂2
i ψ

ψ = log( |u |−2mAR |u − u0 |2 + ∑
B≠A

|u |−2mBR |aB |2 )
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Instantons in CPN-1 Model

· single instanton (in the A-th classical vacuum)

aB
ϕB =

1
g

e− 1
2 ψ u−mBR × {

· value of action for single instanton

S =
2π
g2 ≠ IR renormalon

u = e
τ + ix

R

u − u0 (B = A)
(B ≠ A)

Aτ =
1
2

∂xψ, Ax = −
1
2

∂τψ, D =
i
2

∂2
i ψ

ψ = log( |u |−2mAR |u − u0 |2 + ∑
B≠A

|u |−2mBR |aB |2 )
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Fractional Instantons

ϕA = e− 1
2 ψ u−mAR × a

· fractional instanton solutions (N solutions A=1,···,N)

· value of action for single kink 
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τ

Σ = g2N∑
A

mA |ϕA |2

mA+1R

mAR

· fractional instanton = kink

ϕA+1 = e− 1
2 ψ u−mA+1R

ϕB = 0 (B ≠ A, A + 1)



Fractional Instantons

ϕA = e− 1
2 ψ u−mAR × a

· fractional instanton solutions (N solutions A=1,···,N)

S =
2π

g2N
(1/N × single instanton)in ZN symmetric case

· value of action for single kink 

S =
2π(mA+1 − mA)R

g2

τ

Σ = g2N∑
A

mA |ϕA |2

mA+1R

mAR

· fractional instanton = kink

ϕA+1 = e− 1
2 ψ u−mA+1R

ϕB = 0 (B ≠ A, A + 1)



Bion

· fractional instantons ··· no contribution to partition function

Z = tr e−βH τ ∼ τ + β : periodic boundary condition



Bion

· fractional instantons ··· no contribution to partition function

Z = tr e−βH τ ∼ τ + β : periodic boundary condition

fractional instantons are not periodic but



Bion

· fractional instantons ··· no contribution to partition function

Z = tr e−βH τ ∼ τ + β : periodic boundary condition

can be periodic

bion
kink anti-kink

τ

fractional instantons are not periodic but



Bion

· fractional instantons ··· no contribution to partition function

Z = tr e−βH τ ∼ τ + β : periodic boundary condition

→ non-perturbative contribution to Zcan be periodic

bion
kink anti-kink

τ

fractional instantons are not periodic but



Bion

· fractional instantons ··· no contribution to partition function

Z = tr e−βH τ ∼ τ + β : periodic boundary condition

→ non-perturbative contribution to Zcan be periodic

bion
kink anti-kink

τ

fractional instantons are not periodic but

Question : relation between bion and renormalon ? 



Large-N Analysis

1. g expansion ··· trans-series               large-N limit 
2. large-N limit              ’t Hooft coupling expansion

Question

Can we correctly capture  
the bion contributions in the large-N analysis?

large-N bion contributions : two routes

ambiguity of ⟨F2⟩ ∼ Λ3 on R×S1 with TBC  (route 2)

≠ n-bion contribution   (route 1)Λ2n

[ Ishikawa, Morikawa, Nakayama, Shibata, Suzuki, Takaura, 2019]
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Question

Can we correctly capture  
the bion contributions in the large-N analysis?

large-N bion contributions : two routes

ambiguity of ⟨F2⟩ ∼ Λ3 on R×S1 with TBC  (route 2)

≠ n-bion contribution   (route 1)Λ2n

[ Ishikawa, Morikawa, Nakayama, Shibata, Suzuki, Takaura, 2019]



Plan of Talk 

Route 1 :  Semi-classical (small g) Expansion

Route 2 :  Large-N Analysis

Intoduction



Setup
2d    SUSY CPN-1 sigma model𝒩 = (2,2)

ℒ =
N

∑
A=1

[ |𝒟iϕA |2 + |σϕA |2 + iD( |ϕA |2 −
1

g2N ) + ]+ ℒsourcefermions

(τ, x) ∼ (τ + β, x) ∼ (τ, x + 2πR)· model on torus

· periodic boundary condition for  τ ∼ τ + β (β → ∞)



Setup
2d    SUSY CPN-1 sigma model𝒩 = (2,2)

ℒ =
N

∑
A=1

[ |𝒟iϕA |2 + |σϕA |2 + iD( |ϕA |2 −
1

g2N ) + ]+ ℒsourcefermions

ϕA(x + 2πR) = exp(2πimAR) ϕA(x)

ψ A
l,r(x + 2πR) = exp(2πimAR) ψ A

l,r(x)

twisted boundary condition

(τ, x) ∼ (τ + β, x) ∼ (τ, x + 2πR)· model on torus

· periodic boundary condition for  τ ∼ τ + β (β → ∞)
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Source Term

ℒsource = ϵ Σ

Σ ≡ g2N ∑
A

mA |ϕA |2 : moment map for  U(1) ⊂ SU(N)

: generating functionZ(g, ϵ) = ∫ 𝒟φ exp (−S)

n-point correlation function E(n) =
1
n! ( ∂

∂ϵ )
n[− lim

β→∞

1
β

log Z]
ϵ=0

E(1) = ⟨Σ⟩ E(2) = ∫ dτ ⟨Σ(0) Σ(τ)⟩ ···



Route 1 
Semi-classical Expansion 

(Small Coupling Expansion)
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· e.o.m. for auxiliary vector multiplet  (Ai , σ , D, λ)

Ai =
i
2

ϕ̄A∂iϕA − ϕA∂iϕ̄A

|ϕA |2 + ⋯ σ = 0 + ⋯ etc
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Eliminating Auxiliary Fields

· e.o.m. for auxiliary vector multiplet  (Ai , σ , D, λ)

Ai =
i
2

ϕ̄A∂iϕA − ϕA∂iϕ̄A

|ϕA |2 + ⋯ σ = 0 + ⋯

ℒ =
2
g2 [Gab̄ (DμφaDμφ̄b̄ − ψ̄ b̄

l Dzψ a
l − ψ̄ b̄

r Dz̄ψ a
r ) +

1
2

Rab̄cd̄ ψ a
l ψ̄ b̄

l ψ c
r ψ̄ d̄

r] + ℒsorce

· D-term constraint |ϕA |2 = 1/g2

φa =
ϕa

ϕN
(a = 1,⋯, N − 1) : inhomogeneous coordinates 

etc



2d CP1 Sigma Model
N = (2, 2)
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ℒ =
1
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1

(1 + |φa |2 )2 [ |∂iϕ |2 − ψ̄r𝒟ψr − ψ̄l𝒟̄ψl +
ψ̄rψrψ̄lψl

(1 + |φa |2 )2 ]
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2d                         SUSY CP1 sigma model

twisted boundary condition

(τ, x) ∼ (τ, x + 2πR) ∈ ℝ × S1

φ(x + 2πR) = e2πimR φ(x)

ψl,r(x + 2πR) = e2πimR ψl,r(x)

ℒ =
1
g2

1

(1 + |φa |2 )2 [ |∂iϕ |2 − ψ̄r𝒟ψr − ψ̄l𝒟̄ψl +
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2d CP1 Sigma Model
N = (2, 2)
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2d                         SUSY CP1 sigma model

deformation term in Lagrangian

: generating function for “height”      

ℒsorce = ϵ
1 − |φ |2

1 + |φ |2

Z(ϵ)

twisted boundary condition

(τ, x) ∼ (τ, x + 2πR) ∈ ℝ × S1

φ(x + 2πR) = e2πimR φ(x)

ψl,r(x + 2πR) = e2πimR ψl,r(x)

ℒ =
1
g2

1

(1 + |φa |2 )2 [ |∂iϕ |2 − ψ̄r𝒟ψr − ψ̄l𝒟̄ψl +
ψ̄rψrψ̄lψl

(1 + |φa |2 )2 ]
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Equation of Motion

· analytic continuation of S equations of motion

S[φ, φ̄] S[φ, φ̃]
δS
δφ

=
δS
δφ̃

= 0

SU(2)
U(1)

→
SU(2)ℂ
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· complexificatoin 
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Equation of Motion

· analytic continuation of S equations of motion

S[φ, φ̄] S[φ, φ̃]
δS
δφ

=
δS
δφ̃

= 0

SU(2)
U(1)

→
SU(2)ℂ

U(1)ℂ
· complexificatoin 

· coordinates (φ, φ̃) φ̃ = φ̄ℂP1 corresponds to

· x-independent ansatz

φ(τ, x) → φ(τ)

φ̃(τ, x) → φ̃(τ)
Leading order contribution
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· two conserved charges ( time shift, phase rotation )



Bion Solution

· two conserved charges ( time shift, phase rotation )

solution (up to sym.)

 : integers labeling solutions

(Jacobi elliptic function)

: complex constants depending on(A,!, k) (g, m, ϵ, β)

φ = φ̃ = A
sn(ωτ, k)
cn(ωτ, k)

p ≥ 0 0 ≤ q ≤ p − 1



Bion Solution

· complex saddle points for generic

· two conserved charges ( time shift, phase rotation )

solution (up to sym.)

 : integers labeling solutions

(Jacobi elliptic function)

: complex constants depending on(A,!, k) (g, m, ϵ, β)

φ = φ̃ = A
sn(ωτ, k)
cn(ωτ, k)

p ≥ 0 0 ≤ q ≤ p − 1



Real Bion Solution (p=1)

: height

N

S

(β → ∞)φ = φ̃ = A sinh ωτ• single bion solution
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Real Bion Solution (p=1)

: height

N

S

there must be 
another contribution

E(0)
real ⇠ e

� 2m
g2 6= 0

even for ϵ = 0

(β → ∞)φ = φ̃ = A sinh ωτ• single bion solution



Complex Bion Solution (p=1)

complexified  
height

complex bion :  
not on the original contour             

' = �'̃ =
A

cosh!⌧

z =
1 − φφ̃
1 + φφ̃



Complex Bion Solution (p=1)

complexified  
height

complex bion :  
not on the original contour             

' = �'̃ =
A

cosh!⌧

z =
1 − φφ̃
1 + φφ̃



Complex Bion Solution (p=1)

complexified  
height

E(0)
real + E(0)

complex = 0

✏ = 1for

consistent 
with SUSY

complex bion :  
not on the original contour             

' = �'̃ =
A

cosh!⌧

z =
1 − φφ̃
1 + φφ̃



Kink profile of multi-bion

: multi bion solution

complex bion real bion

N

S

· p : number of bions

complex bion

· q : label saddle points in p-bion sector



Quasi-Moduli Integral

“nearly flat” directions

Zp = ∫ dvol
det ΔF

det ΔB
exp(−Seff) + 𝒪(g2)

one-loop determinant bion effective action
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Zp = ∫ dvol
det ΔF

det ΔB
exp(−Seff)

(p = 1)

· quasi-moduli integral for p-bion contribution
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· single bion contribution to

Ep=1 = − 2m
Γ(ε̃)

Γ(1 − ε̃) [ 4πmR
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R
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Γ(1 + mR) ]
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· single bion contribution to

imaginary ambiguity

Ep=1 = − 2m
Γ(ε̃)

Γ(1 − ε̃) [ 4πmR
g2

R

Γ(1 − mR)
Γ(1 + mR) ]

2

( 4πmR
g2

R )
−2ε̃

e∓ε̃πi e− 4πmR
g2 + ⋯

E = − lim
β→∞

1
β

log Z

with
1
g2

R
=

1
π

log |RΛ |ε̃ = ε + 1 and
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Generalization to CPN-1 model

N-1 types of bions

ΔEp=1 = i
N−1

∑
b=1

2πmb𝒜b ( 1
Γ(1 − ε̃)

Γ(1 + mbR)
Γ(1 − mbR) )

2

( 4πmbR
g2

R )
2(1−ε̃)

exp (−
4πmbR

g2
R )

𝒜b = ∏
a≠b

ma

ma − mb

Γ(1 + (ma − mb)R)
Γ(1 − (ma − mb)R)

Γ(1 − mbR)
Γ(1 + mbR)

jump of imaginary part

single bion contributions
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−
1
β

log Zp=1(ε̃) = E(0)
p=1 + E(1)

p=1 ε̃ + E(2)
p=1 ε̃2 + ⋯

= 2NR |Λ |2 [ − ε̃ + (log
4π

g2
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+ γ ± πi
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p=1 ε̃ + E(2)
p=1 ε̃2 + ⋯

= 2NR |Λ |2 [ − ε̃ + (log
4π
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RN

+ γ ± πi
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 single bion contribution

|Λ |2 =
1

R2
exp(−

4π
g2
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Large-N limit

−
1
β

log Zp=1(ε̃) = E(0)
p=1 + E(1)

p=1 ε̃ + E(2)
p=1 ε̃2 + ⋯

= 2NR |Λ |2 [ − ε̃ + (log
4π

g2
RN

+ γ ± πi
2 ) ε̃2 + ⋯ ]

 single bion contribution

|Λ |2 =
1

R2
exp(−

4π
g2

RN ) survives in the large-N limit
fixed in the large-N limit

  ···  symmetric twisted boundary conditionma =
a

NR
ℤN



1d limit ··· CPN-1 QM

E(2) = E(2)
pert −

∞

∑
p=1

e− 2m
g2 p [4mp2 (± πi

2
+ γ + log

2m
g2 ) + 𝒪(g2)]

one-point function

two-point function

E(1) = − m coth
m
g2

+ g2

E(0) = 0

ground state energy

complete agreement with exact results

obtained from Schrödinger equation
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2d    SUSY CPN-1 sigma model𝒩 = (2,2)

ℒ =
N

∑
A=1

[ |𝒟iϕA |2 + |σϕA |2 + iD( |ϕA |2 −
1

g2N ) + ]+ ℒsourcefermions

· Integrating out N chiral multiplets   (ϕA, ψ A
l , ψ A

r )

Seff = − N [ 1
N

N

∑
a=1

log sdet [Δ(Ai, σ, D, λ, ma, ϵ)] −
iD

g2N ]
effective action for vector multiplet

large-N limit :  with    ···  fixedN → ∞ g2N

2d CPN-1 sigma model
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Large-N Saddle Point

constant ansatz

δSeff

δD const
∝

∞

∑
n=−∞

N

∑
A=1

1
R

1

(n /R + mA + Ax)2 + |σ |2 − g2NϵmA + iD
−

1
g2

⋮

N

∑
A=1

f (mA) =
N

∑
A=1

f ( A
NR ) NR ∫

1
R

0
dp f(p)large-N

 ···  symmetric twisted boundary conditionmA =
A

NR
ℤN
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Generating Function

eom 
δSeff

δD
= 0 ⋯ large-N saddle point solution

−
1
β

log Z(ε) = E(0) + E(1) ε + E(2) ε2 + ⋯

= Ssol(ϵ) + 𝒪(N0)

Leading order part of generating function

E(0) = Ssol(ϵ = 0) = 0 ···  SUSY vacuum

E(1) = ∂ϵSsol |ϵ=0 = − 2NR |Λ |2 ···  agree with bion
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1d Limit ··· CPN-1 QM

mA =
A
N

M
1

g2
1d

=
2πR
g2

2d
···  fixedR → 0 limit with

−
1
β

log Z(ε) = Ssol(ϵ) + 𝒪(N0)

Ssol(ϵ) =
N
4

ϵ(ϵ + 2)(g2N − M coth
M

g2N )

Leading order part of generating function

E(0) = Ssol(ϵ = 0) = 0 ···  SUSY vacuum

E(1) = ∂ϵSsol |ϵ=0 =
N
2 (g2N − M coth

M
g2N ) agree with  

(exact) bion result···

and
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Two Point Funciton in CPN-1 SQM

∂2

∂ϵ2
E(ϵ = 0) =

N
2 (g2N − M coth

M
g2N ) + 𝒪(N0)

large-N analysis

bion and Schrödinger eq.

∂2

∂ϵ2
Epert(ϵ = 0) = N [g2N − Γ(N + 1)∫

∞

0
dt e− t

g2
Γ (1 − t N/2M)
Γ (N − t N/2M) ]

· no imaginary ambiguity

not consistent with bion and Schrdinger eq.

E(2)
pert =

N
2

g2N
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· bion contributions in CPN-1 sigma model

· large-N limit with ZN symmetric twisted boundary condition

· some of bion contributions are correctly reproduced

· non-trivial resurgence structure has not yet been reproduced
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· large-N limit with ZN symmetric twisted boundary condition

· some of bion contributions are correctly reproduced

· non-trivial resurgence structure has not yet been reproduced

future problem


