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[Bekenstein 72, Hawking '75]

Black hole = Thermodynamic?

Entropy:

SBH

Area

4G

Event Horizon Telescope



https://www.eso.org/public/images/eso1907

Test of Quantum Gravity

SBH —

Area
4G

[Bekenste in’72, Hawking '75]

macroscopic

What is a microscopic origin of the entropy?

Candidates of quantum gravity should answer

3 String Theory!



Answer from string theory for a specific black hole

[Strominger-Vafa '96 ]

For an asymptotically flat supersymmetric (SUSY) charged BH,

< — 1o # of states in string theory
BH — 105 w/ the same quantum numbers

statistical explanation of BH entropy!




Another challenge for asymptotically AdS BH

[Maldacena 97 ]
AdS/CFT correspondence:

dual
d-dim. CFT <> Gravity in AdS441

Does the CFT side give a microscopic explanation
of BH entropy on the gravity side?



Another challenge for asymptotically AdS BH

[Maldacena 97 ]
AdS/CFT correspondence:

dual
d-dim. CFT <> Gravity in AdS441

Does the CFT side give a microscopic explanation
of BH entropy on the gravity side?

A natural expectation:

1S — 1o # of states in CFT .
BH — 105 w/ the same quantum numbers
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This talk

Set up:

AdSUN) NV =4
Super Yang-Mills theory

{——> IIBstringon AdSs X S°

Fblack holes on the string side (rotating charged): [Gutowski-Reall '04 etc ]
A N2
SBH = e 2m[Q1Q2 + Q1Q3 + Q2Q3 — 7(J1 + J2)
[Choi-Kim-Kim-Nahmgoong, Benini-Milan, MH,
Recent Progress. (explained later) Ardehali, Cabo-Bizet-Murthy, etc. ]

The BH entropy is captured by superconformal index

but Fsubtle points w/ smells of Stokes phenomena
Resurgence can help?
Related aspects:

. (de)conﬁnement transition [Copetti-Grassi-Komargodski-Tizzano] (& Hawking-Page transition)

“partial deconfinement [Ardehali-Hong-Liu]
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Black holes on the gravity side

4d SUN) N = 4SYM «—

JBlack holes on the string side w/ —

—

1B string on AdS: X S°

2 angular momenta: (J;,/,)
-3 electric charges: (Q4, 05, 053)
-2 supercharges (1/16 BPS)

"mass: g(IJ1| + /2] + Q1] +1Q2] +1Q3])

[Gutowski-Reall ‘04 etc.]



Black holes on the gravity side

4d SU(N) N = 4 SYM «—— [IB string on AdSg X S°

—

2 angular momenta: (J;,/,)
-3 electric charges: (Q4, 05, 053)
-2 supercharges (1/16 BPS)

"mass: g(IJ1| + /2] + Q1] +1Q2] +1Q3])

[Gutowski-Reall ‘04 etc.]

JBlack holes on the string side w/ —

™ ™ 2
J J: ' =N
4GN93( 1+ J2)  with 2Gng3

SBH = QW\/QlQQ + Q1Q3 + Q203 —

s the entropy realized by counting CFT states?



Grand canonical partition function & Index

Q. Black hole entropy from counting CFT states?

Grand canonical partition function:

Treps [HIB;]ZH,%“ = Zd(Q,J)HfB;-JiHya“
i a J.0 ; a

AdS/CFT—) d(Q, J)|N,g\2(MN>>1 ~ ePOBH — e(”)(]\12)

difficult to compute
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Q. Black hole entropy from counting CFT states?

Grand canonical partition function:

Treps [HIB;]ZH,%“ = Zd(Q,J)HfB;-JiHya“
i a J.0 ; a

. .SBH — O(N?)
difficult to compute
Su perconfomal |ndeX' [Kinney-Maldacena-Minwalla-Raju’06 ]

I = Trgps [(-UFH%Ji [Tyze
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J,Q i a

d(Q,J) > dpos(Q, J) — dper(Q, J) under control



Grand canonical partition function & Index

Q. Black hole entropy from counting CFT states?

Grand canonical partition function:

Treps [HIB;]ZH,%“ = Zd(Q,J)H:n;.]@'Hyaa
i a J.0 ; a

AdS/CFT—) d(Q, J)|N,g\2(MN>>1 ~ ePOBH — e(”)(]\12)

difficult to compute

S U pe Fco nfo ma I | N d ex: [Kinney-Maldacena-Minwalla-Raju’06 ]

I = Trgps {(—UFH%‘]"H%“ =" (dpos(@, ) — drer(Q, 1)) [[ 2] [[ 42"
. 7 i i

) a

d(Q,J) > dpos(Q, J) — dper(Q, J) under control



Superconformal index in SU(N) N=4 SYM

In 4d ' = 1 language,
4d V' = 4 SYM = 1 vector + 3 adjoint chirals @ ; 3

Partition function on S x Mz (M3 ~ S3) :

—BE T T
ZSéxS3 =e PPI,  I=Trgps [(—1)Fp‘]1+2q‘]2+2v‘{1v§2

J1,2 1 angular momenta along S3

O Dy Py
@1,2,.3/2 : charges of U(1)3 c SO(6)p Ul | +1 0 -1
] Ul | 0 +1 -1

r = %(Ql + Q2+ Q3) : U(1)g charge

q12 =Q12—Q3:U(1)1> charge




Mathematical description: finite dim. integral

t is known that superconformal index is 1-loop exact:

N
I = (pp)N('qq) fz dV " x [z Te(xij + 0+ 1;0,7) [, F(xl]+m1+ (a+r)ar)

X T, (xl-j + m, +§(a+r);a,r) I, (xl-j —mq; —m, +§(O‘+T);O',T)

e?™j: holonomy along S1, x;; = x; — x;

m4, m,: chemical potential for U (1) flavor symmetries

p = eZnia’ q= Zmr (a C[) — Hk 0(1 —aq )

—2mixj+1  k+1
p/q

1—e
Fe(xi O-;T) = 1_[ 1 _eZnixquk




“Lore” on superconformal index until 2018

[ Kinney-Maldacena-Minwalla-Raju’06, etc. ]

N (g )N X 1
[ = PP (@a)” N(!q’q) JRd" X 1 Te(ij + o+ 10,7) 1T (xi,- +my +-(0+1);0, T)
2
1 1
xFe(xl-j+m2 +§(a+r);a,r)Fe(xij—ml—m2+§(a+r);a,r)
Let us consider (0 = €270, e e2miT)

N—->oo m=m,=00<pqg<1



“Lore” on superconformal index until 2018

[ Kinney-Maldacena-Minwalla-Raju’06, etc. ]

W(g-g)N = 1
[ = &2 @a) N(!q’q) JRd" X 1 Te(ij + o+ 10,7) 1T (xi,- +my +-(0+1);0, T)
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1 1
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Then, the famous result:
[ = 30(1) independent of N!7?



“Lore” on superconformal index until 2018

[ Kinney-Maldacena-Minwalla-Raju’06, etc. ]

o WN(p. N X 1
{](p'p) (@) JRad" ' x [T Te(xij + 0 + 15 0,7) l_[i,er(xij+m1 +§(0+T);U,T) J
2

N!

x T, (xl-j +m, +§(a+r);a,r) T, (xij —my; —m, +§(a+r);a,r)

Let us consider p = o?io qe g2y

N—->oo m=m,=00<pqg<1

Then, the famous result:
[ = 30(1) independent of N!7?

Obviously, this does not capture the BH entropy:

A N2
SpH = el 27T\/Q1Q2 + Q1Q3 + Q2Q3 — T(Jl + J2)

Standard interpretation was

Imany cancelations due to (—1)F



Loophole of the “lore”

[Choi-Kim-Kim-Nahmgoong, Cabo-Bizet-Cassani-Martelli-Murthy, etc. ]

I = Trgps [(—1)Fp‘]1+7q‘]2+2v‘{1 32]

To pick up # of states, we have to extract coefficients:

dv1 dvz




Loophole of the “lore”

[Choi-Kim-Kim-Nahmgoong, Cabo-Bizet-Cassani-Martelli-Murthy, etc. ]

I = Trgps [(—1)FPJ1+§QJ2+§U‘{%%2]

To pick up # of states, we have to extract coefficients:

. dp dq dvq dv,
(# of states) _ é Np+1 _Ng+1 Nypy,+1 Ny,+1 I(p: q, V1, UZ)
p'P q 4 v, 1 v, 2

A

| p! qr 771, v2

X [ =%




Loophole of the “lore”

[Choi-Kim-Kim-Nahmgoong, Cabo-Bizet-Cassani-Martelli-Murthy, etc. ]

I = Trgps [(—1)FPJ1+7qJ2+§v‘{1ng]

To pick up # of states, we have to extract coefficients:

. dp dq dvq dv,
(# of states) _ § Np+1 _Ng+1 Nypy,+1 Ny,+1 I(p: q, V1, UZ)
p'P q 4 v, 1 v, 2

| p! qr 771, v2

X [ =%

Need information for complex fugacities!



Re Ce nt u p d ate S (details explained in next pages)

[Choi-Kim-Kim-Nahmgoong, Benini-Milan, MH,
Ardehali, Cabo-Bizet-Murthy, etc. ]

Loophole: complex fugacities may give different results

In the shrinking limit of S (“Cardy limit”),

| =e O(N?) (for complex fugacities)



Re Ce nt u p d ate S (details explained in next pages)

[Choi-Kim-Kim-Nahmgoong, Benini-Milan, MH,
Ardehali, Cabo-Bizet-Murthy, etc. ]

Loophole: complex fugacities may give different results

In the shrinking limit of S (“Cardy limit”),

| =e O(N?) (for complex fugacities)

Picking up (# of states) from this formula w/ N — oo gives

A N2
SgH = 10— 277\/@1@2 + Q1Q3 + Q2Q3 — 7(J1 + Jo)



SUSY Cardy formula for N=4 SYM

F J r J r q q [Di Pietro-Komargodski,
(D) 2g 2 iR

Ardehali’15,Di Pietro-MH '16]

ISéXSB’ — TrBPS



SUSY Cardy formula for N=4 SYM

r r [Di Pietro-Komargodski,
151 % §3 — TrBPS [(—1)Fp.]1+2q‘]2+2v({11)32} Ardehali’15,Di Pietro-MH ’16]
B
p= p2TiIo 60(5), g = p2TIT — 60(6), V1o = p2TIM 2

Cardy limit 8 = 0 (1,0 — 0):

1/2 in(t+o0)
V +————V
151><53 - j e6ra 2(a) 2T0 1(a)
1/2
Vala) = — Z k(a;; +my) + k(a;; +ms) + K(a;; —my — mg)}
1<iAj<N

—(N-1) ﬁ(m1) + K(m2) + k(—my — -m-g)} :

l -
Vila) = 5 Y [30(ay) - 6(ay; +mi) — Olai; +ma) — O(a; —my - -mz)}
1<i#j<N
N-1

- [9(-,-;1.1) + 0(my) + 0(—my — mz)} )
v

Sa=0, @)= {z}(1- #)(1-2{z)), 0() = {r}(1 -~ {x}),




Effective potential analysis

[MH ’19]

1/2 i in(t+o)
I1gs — f GN-1g oi5 2 (@O+T52V1 (@)
~1/2

Let’s focus on the regime Re (i) <0 = minimize Va(a)!

TO



Effective potential analysis

[MH ’19]

1/2 in(t+o)
[s14¢3 —>f dN- ae61'ch2( D+—575 V(@)

1/2

Let’s focus on the regime Re (i) <0 = minimize Va(a)!

TO

f(x)  (mq,mp) =(0.2,0.1)

JJmii

—

Va(@) = 3 flay) + 5 (0).

flay) = kKlay; — {mu}) — k(ay; + {m1}) + &(ai; — {ma}) — k(as; + {m2}
+i(ai; + {mi} +{ma}) — kla; — {mi} — {ma}).




Effective potential analysis

1/2
151 53 _>f

in(t+o)
2T0

N Vz( )+ Vl(a)

a e6Tcr

1/2

[MH ’19]

Let’s focus on the regime Re (i) <0 = minimize Va(a)!
TO

—1

'F(x

(m1,m2) = (0.2,0.1)

[\ ]

f (x) has the minimum at the origin:

J(@)] i = J(0) = 12{my H{ma } ({1 } + {ma} = 1).

Thus,
| im(N? — 1)
log Tg1y g3 ., |$|—>U — {miH{mo}({m.} + {my} — 1)
T—l— o

i) =Y (e + Y 50), \ [
1< -1.0/ -0.5 [
fla) = w(a— {m}) = Klag + {mu}) + sl = {ma}) = wlas; + {ma} Ry
+k(a;; +{mi} +{ma}) — kla;; — {m1} — {m2}). o

v

({ma}? + {ma}? + {maH{ma} — {ma} — {ma})].



Entropy from index

IS]'><S3 — TrBPS [( 1)F Jl+2qJ2+2UQ1 %2} p= eQmJ, q:eQmT, vy = 827Tim1,2)
im(N? — 1
ng ISIXSS | lgl_m ( — ) l{'wnl}{'mﬂ}({ml} 4 {'TT!—Q} . 1)

T—I—CJ'

({”?1}2+{mg}2+{m1}{mz} {m;} — {m;_.})}

T+ 0

Redefine chemical potentials: mi2= A ———,

[(_ 1)FpJ1+Q3qJ2+Q3627TiA1(Q1—Q3)627TiA2(Q2—Q3)}

Ig1, 43 = Trgps

3 .
— TrBPS |:lequ H 627TZAaQa ((_1)F — eZﬂng)

a=1 ] Za Aa—’T—O'— 1622 [cf. Cabo-Bizet-Cassani-
Martelli-Murthy 18]

log Igiyss = im(N? — D{A H{AJ({A} +{As} —1—0 —17)

|7]:le]—0 TO




Entropy from index

ISl><5’3 = Trgps [( 1)F J1+2qJ2+2,U‘11 %2} (p= €27, q= 27y 5 = 2TimL2)
lﬂ_ ;'“\"rz - 1
log 1513 | ln_ul_m ( - ) l{ml}{mz}({ml} n {'m-z} o 1)

T—I—CJ'

({”?1}2+{mg}2+{m1}{mz} {m;} — {m;_.})}

T+ 0

Redefine chemical potentials: mi2= A ———,

[(_ 1)FpJ1+Q3qJ2+Q3627TiA1(Q1—Q3)627TiA2(Q2—Q3)}

Ig1, 43 = Trgps

3 .
— TrBPS |:lequ H 827TZAaQa ((_1)F — 621?1'@3)

a=1 ] Za Aa—’T—O'— 1622 [cf. Cabo-Bizet-Cassani-
Martelli-Murthy 18]

log Igiyss = im(N? — D{A H{AJ({A} +{As} —1—0 —17)

|7]:le]—0 TO

SICIWAR Pick up “degeneracy” via Legendre transformation



Entropy from index (cont’d)

3 -
I =Trgps lp‘hq‘b 11 GQMA“Q”]
a=1

Y Ag—T—0—1€2Z

Pick up “degeneracy”:

/ dO'deAldAQdA:gd/\ Ie—QWi(J10'+JQT+Za AaQa>e—27T’i/\(Za Aa—T—O'—].)



Entropy from index (cont’d)

Pick up “degeneracy”:

3 -
I = Trgps [leqJQ H e2mi8Qa

a=1 ] Y Ag—T—0—1€2Z

/ dO'deAldAQdA:gd/\ Ie—QWi(J10'+JQT+Za AaQa)e—Qﬂ"i/\(Za AG—T—O'—].)

Entropy w/ large quantum numbers:

Scrr(Q,J) = —log I 4+ 27i(J1o + Jor + 3 8aQa) 4 27N> Ay — 7 — 0 — 1)

—

ext.

ScrT = QW\/Qle + Q1Q3 + Q2Q3 —

N2 _1
2

(J1 4+ J2)




Entropy from index (cont’d)

3 .
I = Trgps [leng H BzmaaQa]
a=1 Zu. A(I_T_O'—].E2Z

Pick up “degeneracy”:

/ dO'deAldAQdA:gd/\ Ie—QWi(J10'+JQT+Za AaQa)e—Qﬂ"i/\(Za AG—T—O'—].)

Entropy w/ large quantum numbers:

Scrr(Q,J) = —log I 4+ 27i(J1o + Jor + 3 8aQa) 4 27N> Ay — 7 — 0 — 1)

ext.

N2 _1

5 (J1 + Jo)

:> ScrT = QW\/Qle + Q1Q3 + Q2Q3 —

BH entropy:

N2
SBH = 27?\/@1@2 + Q1Q3 + Q2Q3 — 7(J1 + Jo)

Agrees in the large-N limit!!



Quantum black hole entropy?

N2 _1

ScFT = 277\/@1@2 + Q1Q3 + Q2Q3 — 5 (J1+ J2)
N2-1
In termS Of the Central Charge CcC = 4 » (True also for other gauge group and orbifold N=4 SYM)

SceT = 2m/Q1Q2 + Q1Q3 + Q2Q3 — 2¢(J1 + Jo)




Quantum black hole entropy?

N2 -1
SCFT = 277\/@1@2 + Q1Q3 + Q2Q3 — 5 (J1 + J2)
N2-1
In termS Of the Central Charge CcC = 4 » (True also for other gauge group and orbifold N=4 SYM)

SceT = 2m/Q1Q2 + Q1Q3 + Q2Q3 — 2¢(J1 + Jo)

Somehow this is exactly the same as the BH formula

if we slightly modify the AdS/CFT dictionary:

T

T
4GNg3

_ n72 __
= N°—-1=4c ( SeH =27T\/Q1Q2+Q1Q3+Q2Q3— (J1+ J2) )

3
2G NG |finiten

Non-renormalization against quantum corrections?



Other regime

1/2 in(t+o)
[514¢3 —>j dN- ae6TaV2( D+ V(@)

1/2

So far, Re( )<0 What if Re (i) >07? — maximize V,(a)

Va(@) = 3 flay) + 5 (0).

flai;) = &Klay —{mi}) — k(ai; +{mi}) + k(ai; — {m2}) — K(ai; + {ma})
+h(ay + {mi} + {ma}) — £las; — {mi} — {ma}).




Other regime

1/2 in(t+o)
[514¢3 —>j dN- ae6raV2( D+ V(@)

1/2

So far, Re( )<0 What if Re (i) >07? — maximize V,(a)

Va(@) = 3 flay) + 5 (0).

flaig) = kKlai; —{mi}) — klai; +{ma}) + k(as; — {ma}) — k(a;; + {ma})
+k(a;; +{mi} + {ma}) — k(a;; — {m1} — {m2}).

(m1,m5) = (0.2,0.1) f(x)

\ / q.osg )\ / minima are not isolated
Y T e v & Fflat directions
_D. [

05 110] *

Stokes phenomena?




Subtleties

*In general, Fcomplex saddle points
so we need to do proper saddle point analysis

*But “action” in the strict Cardy limit is
non-differentiable

("." “action” is described by k(x) = {x}(1 — {x}) (1 — 2{x}))

"It seems < Stokes phenomena
as changing phases of chemical potentials

* Other works reported (de)confinement transition
& p a rt i a | d e CO nfi n e m e nt [Copetti-Grassi-Komargodski-Tizzano]

[Ardehali-Hong-Liu]



Resurgence 5L

to the
Rescue -




Oops!

Next slides include preliminary results!



