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Goals of this workshop

1. Review the novel techniques for nonperturbative effects 
of QFT, focusing on resurgence and the related techniques.

2. Study and summarize the very recent results in the 
techniques.

3. Raise and consider questions in the techniques and their 
physical results.

4. Propose their applications to physical problems other 
than pure QFT.

5. Discuss the questions and applications, and produce new 
works by collaborating with the participants.
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It may be a new manner of  
holding academic workshops 

in Covid-19 and Post-Covid-19 eras.



How to join the workshop

1. Lectures, Invited talks, and Short talks will be held in 
Zoom, whose URL has been emailed to all participants.  

2. Poster sessions will be held in Mozilla hubs. Its URL and 
how-to-use are shown in the email. 

3. Discussion sessions will be also held in Mozilla hubs. 

All of the important information are shown in 
SLACK, whose URL has been sent to you. 

We strongly recommend you to join SLACK ASAP



Since some of participants may not be familiar 
to resurgence theory in quantum physics,

we are giving its very brief review and
refer to problems to be considered ! 

See also Prof. Dunne’s lecture on 8th



1. Perturbative series and Borel resummation



Perturbation : quantum fluctuation 
is calculated as series of g^2 based 
on eigenstates of H0

Nonperturbative analysis : it is 
required to diagonalize whole 
hamiltonian.

Perturbative v.s. Non-perturbative analyses in QT
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Trivial (perturbative) saddle

Perturbative series

Path integral and Saddle points

Nontrivial saddles

Non-perturbative contribution
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Relation between Pert. and Non-pert.
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"They are not connected ?
We just have independent contributions ?"

Perturbative series Non-perturbative contribution

No, it is not correct !



[29]. The divergence encodes physical information about the saddles of ordinary integrals, or

path integrals of quantum mechanics and quantum field theory, as a consequence of Darboux’s

theorem [1, 3]. We recall a few relevant definitions and motivate (known) generalizations of

those definitions by using simple quantum mechanics.

Let P (g2) denote a perturbative asymptotic series that satisfies the “Gevrey-1” condition:

P (g2) =
⇥�

q=0

aqg
2q, Gevrey � 1 : |aq| ⇥ CRqq! (6.1)

for some positive constants C and R [5, 7]. Known examples of perturbative series that arise

in quantum mechanics and QFT satisfy the “Gevrey-1” condition [29]. We denote the Borel

transform of P (�) by BP (t) and define it as

BP (t) :=
⇥�

q=0

aq
q!
tq. (6.2)

The formal Borel transform determines “a germ of a holomorphic function” at t = 0, with

a finite radius of convergence. Next, one analytically continues the obtained germ BP (t)

to the whole complex t-plane, called the Borel plane. We also assume that the analytic

continuation of the Borel transform BP (t) is “endlessly continuable”. That roughly means

that the function is represented by an analytic function with a discrete set of singularities

(poles or cuts) on its Riemann surface. The Borel resummation of P (g2), when it exists, is

defined as the Laplace transform of the analytic continuation of the germ:

B(g2) = 1

g2

⇥ ⇥

0
BP (t)e�t/g2dt . (6.3)

In quantum theories with multiple-degenerate vacua, (but no instability of any kind), per-

turbation theory is typically a non-alternating Gevrey-1 series, hence non Borel resummable

[20, 21, 24, 26, 27, 29]. Non-Borel summability means that there is no unique answer in

perturbation theory; i.e., resummed perturbation theory does not produce a unique answer

for a physical observable which ought to be unique, for example, the ground state energy. Of

course, this is senseless. This means that perturbation theory (re-summed or otherwise) is

insu⇤cient to define the theory.

In certain cases, a perturbative sum which is not Borel summable becomes Borel summable

upon continuation g2 ⇤ �g2, see Fig. 2. In simple quantum mechanics, let us mention an

example that is directly relevant for our purpose [21]. Perturbation theory for the peri-

odic potential V (x) = 1
g2 sin

2(gx) is non-Borel summable, whereas perturbation theory for

V (x) = 1
g2 sinh

2(gx) is Borel summable. [Recall and compare with the 0-dimensional parti-

tion functions discussed in Section 1.6]. Both series are, of course, asymptotic and divergent.

The di�erence between the two is that the asymptotic series which arises in the first case is

non-alternating, whereas the series in the latter is just the alternating version of the former.

Let us refer to the Borel resummed series for the latter, Borel resummable series, as B0(g2).
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I. INTRODUCTION

d2ψ

dx2
=

2m(V (x)− E)

!2 ψ (1)

[
H0 + g2Hpert

]
ψ(x) = Eψ(x) (2)

S =

∫
dt

[
m

2

(
dx

dt

)2

− V (x)

]
(3)

SE =

∫
dτ

[
m

2

(
dx

dτ

)2

+ V (x)

]
(4)

〈x = a|e−iHt/!|x = b〉 =

∫
d[x(t)] eiS[x(t)]/! (5)

〈x = a|e−Hτ/!|x = b〉 =

∫
d[x(τ)] e−SE [x(τ)]/! (6)

P (a → b) ≈ e−
1
!
∫ b
a dx

√
2mV (x) (7)

Borel resummation：Analytic function which has original 

                                perturbative series as asymptotic series

Perturbative series is often 
divergent factorially

aq / q!

・Construct an analytic function from asymptotic series

Perturbation and Borel resummation

Note that the analytic function is not unique for one asymptotic series.
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of the Borel transform. The Borel transform method is applicable to the following class of
divergent series (called Gevrey-1)

P (g2) =
1X

q=0

aq(g2)q, |aq| ∑ Cq!
µ

1
A

∂q

, (12)

where C,A are constants. The Borel transform BP (t) is defined as

BP (t) =
1X

q=0

aq

q!
tq, (13)

and the Borel resummation B(g2) is defined as

B(g2) =
Z 1

0

dt

g2
e°t/g2

BP (t). (14)

One can easily see that the Borel resummation B(g2) reproduces the original sum P (g2) correctly
whenever one can exchange the integral and the sum. Otherwise, we need to define the sum in
terms of the Borel resummation.

As a simplified toy model, let us consider a factorially divergent series of the following one
with alternating signs

P (g2) = C
1X

q=0

q!
µ
°g2

A

∂q

. (15)

Then the Borel transform becomes an analytic function without singularities on the positive real
axis

BP (t) = C
1X

q=0

µ
°t

A

∂q

=
CA

A + t
. (16)

Therefore the Borel resummation is well-defined as an integral along the positive real axis

B(g2) =
Z 1

0

dt

g2
e°t/g2 CA

A + t
. (17)

This altenating factorially divergent series is a typical example of Borel summable divergent
series.

On the other hand, if perturbation series is not alternating, the factorially divergent series
gives the Borel transform with singularities on positive real axis and the Borel resummmation
has imaginary ambiguities. For instance, suppose that the perturbation series Ppert(g2) gives
non-alternating factorially divergent series like

Ppert(g2) = C
1X

q=0

q!
µ

g2

A

∂q

. (18)

The Borel transform has a singularity on positive real axis

BPpert(t) = C
1X

q=0

µ
t

A

∂q

=
CA

A ° t
, (19)

Bpert(g2) =
Z 1

0

dt

g2
e°t/g2 CA

A ° t
. (20)

Borel resummation
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Borel transform

Perturbative series is often 
divergent factorially

aq / q!
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The formal Borel transform determines “a germ of a holomorphic function” at t = 0, with

a finite radius of convergence. Next, one analytically continues the obtained germ BP (t)

to the whole complex t-plane, called the Borel plane. We also assume that the analytic

continuation of the Borel transform BP (t) is “endlessly continuable”. That roughly means

that the function is represented by an analytic function with a discrete set of singularities

(poles or cuts) on its Riemann surface. The Borel resummation of P (g2), when it exists, is
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[20, 21, 24, 26, 27, 29]. Non-Borel summability means that there is no unique answer in

perturbation theory; i.e., resummed perturbation theory does not produce a unique answer

for a physical observable which ought to be unique, for example, the ground state energy. Of

course, this is senseless. This means that perturbation theory (re-summed or otherwise) is

insu⇤cient to define the theory.
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In special cases, Borel resum may give exact results

cf.) x^4 unharmonic oscillator

Perturbation and Borel resummation

Perturbative series is often 
divergent factorially

aq / q!
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Singularities on positive real 
axis leads to ambiguity
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for some positive constants C and R [5, 7]. Known examples of perturbative series that arise

in quantum mechanics and QFT satisfy the “Gevrey-1” condition [29]. We denote the Borel

transform of P (�) by BP (t) and define it as

BP (t) :=
⇥�

q=0

aq
q!
tq. (6.2)

The formal Borel transform determines “a germ of a holomorphic function” at t = 0, with

a finite radius of convergence. Next, one analytically continues the obtained germ BP (t)

to the whole complex t-plane, called the Borel plane. We also assume that the analytic

continuation of the Borel transform BP (t) is “endlessly continuable”. That roughly means

that the function is represented by an analytic function with a discrete set of singularities

(poles or cuts) on its Riemann surface. The Borel resummation of P (g2), when it exists, is

defined as the Laplace transform of the analytic continuation of the germ:

B(g2) = 1

g2

⇥ ⇥

0
BP (t)e�t/g2dt . (6.3)

In quantum theories with multiple-degenerate vacua, (but no instability of any kind), per-

turbation theory is typically a non-alternating Gevrey-1 series, hence non Borel resummable

[20, 21, 24, 26, 27, 29]. Non-Borel summability means that there is no unique answer in

perturbation theory; i.e., resummed perturbation theory does not produce a unique answer

for a physical observable which ought to be unique, for example, the ground state energy. Of

course, this is senseless. This means that perturbation theory (re-summed or otherwise) is

insu⇤cient to define the theory.

In certain cases, a perturbative sum which is not Borel summable becomes Borel summable

upon continuation g2 ⇤ �g2, see Fig. 2. In simple quantum mechanics, let us mention an

example that is directly relevant for our purpose [21]. Perturbation theory for the peri-

odic potential V (x) = 1
g2 sin

2(gx) is non-Borel summable, whereas perturbation theory for

V (x) = 1
g2 sinh

2(gx) is Borel summable. [Recall and compare with the 0-dimensional parti-

tion functions discussed in Section 1.6]. Both series are, of course, asymptotic and divergent.

The di�erence between the two is that the asymptotic series which arises in the first case is

non-alternating, whereas the series in the latter is just the alternating version of the former.

Let us refer to the Borel resummed series for the latter, Borel resummable series, as B0(g2).
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Borel transform can have singularities on positive real axis

B(g2e⌥i✏) =

Z 1e±i✏

0

dt

g2
e
� t

g2 BP (t)

Perturbation and Borel resummation

Perturbative series is often 
divergent factorially

aq / q!
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I. INTRODUCTION
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=
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− V (x)
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SE =
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dx
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∫
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∫
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P (a → b) ≈ e−
1
!
∫ b
a dx

√
2mV (x) (7)

This should be cancelled by that from
non-perturbative contribution!

Non-perturbative effect reappears in perturbative calculation 
through imaginary ambiguity !
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Im[B(g2)] ⇡ e
� A

g2

B(g2e⌥i✏) = Re[B(g2)]± iIm[B(g2)]

Perturbation and Borel resummation

Perturbative series is often 
divergent factorially

aq / q!



Possible questions to be asked

• A resummation method is not unique. Is there a better 
resummation formula ?

• Resummation method to get nonperturbative results 
directly ?

• Resummation method for the divergent series beyond 
Gevrey-1?

• Higher-order perturbative series in QFT ?

Costin, Dunne (17)(20)

cf.) Stochastic perturbation theory



2. Resurgent structure and Trans-series in 
ODE and Integral



Ecalle (81)

Formal solutions 
around z=∞

Resurgent structure in ODE

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
9ඇઢܗ ODEͰ͸͜ͷΑ͏ͳࣜܗతղ͕ແݸݶଘ͠ࡏɼτϥϯεڃ਺

͸ແݸݶͷ߲͔ΒͳΔɽ
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ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
9ඇઢܗ ODEͰ͸͜ͷΑ͏ͳࣜܗతղ͕ແݸݶଘ͠ࡏɼτϥϯεڃ਺

͸ແݸݶͷ߲͔ΒͳΔɽ
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Formal solutions 
around z=∞

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
9ඇઢܗ ODEͰ͸͜ͷΑ͏ͳࣜܗతղ͕ແݸݶଘ͠ࡏɼτϥϯεڃ਺

͸ແݸݶͷ߲͔ΒͳΔɽ
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resurgent structure!…….. but why?

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
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Resurgent structure in ODE

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
9ඇઢܗ ODEͰ͸͜ͷΑ͏ͳࣜܗతղ͕ແݸݶଘ͠ࡏɼτϥϯεڃ਺
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t=1

Ecalle (81)



Formal solutions 
around z=∞

：Stokes constant

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্
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ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ
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ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕
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Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ
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෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)
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ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ
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ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢
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ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ
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શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ
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ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ
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7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε
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ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ
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εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ
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ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ
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ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢
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ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ
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׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ
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ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ
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ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
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ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
9ඇઢܗ ODEͰ͸͜ͷΑ͏ͳࣜܗతղ͕ແݸݶଘ͠ࡏɼτϥϯεڃ਺
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�0 =
1X

q=0

n!z�n�1

s = 2⇡i

Borel-resum

&

perturbative nonperturbative

1. Solution is expressed as their linear combination = Trans-series

2. At arg[z]=0, an appropriate value of σ jumps = Stokes phenomenon

3. Continuity of solution leads to resurgent relation between two sectors

Resurgent structure in ODE

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
9ඇઢܗ ODEͰ͸͜ͷΑ͏ͳࣜܗతղ͕ແݸݶଘ͠ࡏɼτϥϯεڃ਺

͸ແݸݶͷ߲͔ΒͳΔɽ
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arg[z]=0+ arg[z]=0-



◆Resurgence theory and Alien calculus

・Group action connecting ± Borel resums：Stokes automorphism

・Operator associated with each singularity：Alien derivative

・Equation bridging alien and standard calculus：Bridge equation

・Bridge eq. reveals relation between each sector！

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ

·Γɼઁಈڃ਺͕׬શʹཧղͰ͖Ε͹ඇઁಈڃ਺͕ಘΒΕɼ
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7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ
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S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ
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ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)
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∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε
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ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ
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S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)
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ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)
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਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺
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ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ
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ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ
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∑∞

n=0 n! z
−n−1 ͷϘϨϧ
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ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢
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ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ
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[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ
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ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)

͜͜Ͱɼ∆͸ਖ਼্࣮࣠ t = 1ͷಛҟ఺ʹ͍ͭͯͷΤΠϦΞ

ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ

e−z∆ϕ(z;σ) = s ∂σϕ(z;σ) (41)

͜͜Ͱൺྫ܎਺ͱͯ͠ετʔΫεఆ਺ s ΕΔɽΤΠݱ͕

ϦΞϯඍ෼ͱҰൠͷඍ෼ԋࢉΛ͚ؔͮ܎Δ͜ͷํఔࣜ͸ϒ

Ϧοδํఔࣜͱݺ͹Εɼ྆ลΛൺֱ͢Δ͜ͱͰ∆Φ0 = sͱ

∆e−z = 0͕ಘΒΕΔɽ͜ͷ݁Ռͱ (40)ӈࣜΛ༻͍Δͱ

SΦ0 = Φ0 + se−z, Sϕ(z;σ) = ϕ(z;σ + s) (42)

͕Θ͔Δɽ࠷ऴతʹɼӈࣜ྆ลʹ S−Λ࡞༻ͤ͞ ࣜࠨ(40)

Λ͏࢖ͱ S+ϕ(z;σ) = S−ϕ(z;σ+ s) ͕ಘΒΕɼετʔΫε

଄ͷຊ࣭ΛߏͱΤΠϦΞϯඍ෼͕ϦαʔδΣϯεܕಉݾࣗ

දΘ͍ͯ͠Δ͜ͱ͕Θ͔Δɽ͜͜Ͱॏཁͳ͜ͱ͸ɼʮઁಈڃ

਺͔Βඇઁಈد༩ͷ৘ใΛநग़Մೳʯͱ͍͏఺Ͱ͋Δɽͭ
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Resurgent structure in ODE

ΔɽE(1)
np ͷ৔߹͸ෆఆੑ͕ͳ͍ͨΊɼO(g)ͷ෦෼Λྵͱ͠

ͯɼγϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔ ∂εE|ε=1 ͷݫ

ີ݁Ռͷඇઁಈ෦෼Λ׬શʹ͢ݱ࠶ΔɽE(2)
np ͷ O(g)ͷ෦

෼΋ɼෆఆੑ૬ࡴͷཁ੥ʹՃ͑ͯɼجఈঢ়ଶΤωϧΪʔ͕

ωͷؔۮ਺Ͱ͋Δͱ͍͏໛ܕͷੑ࣭Λิ͏ͱ׬શʹܾఆͰ

͖Δɽ͜͏ͯ͠ϦαʔδΣϯεΛ༻͍ͯಋग़ͨ͠׬શͳτ

ϥϯεڃ਺͸ɼγϡϨʔσΟϯΨʔํఔࣜͷີݫղ͔Βಘ

ΒΕΔ 1
2∂

2
εE|ε=1 Λ׬શʹ͢ݱ࠶Δɽ͜ͷΑ͏ʹɼϦαʔ

δΣϯεཧ࿦ͷਖ਼͚ͩ͠͞Ͱͳ͘ɼͦͷ༗༻ੑ΋͜ͷ໛ܕ

Ͱ͔֬ΊΔ͜ͱ͕Ͱ͖ͨɽ

࣮͸͜͜Ͱѻͬͨ໛ܕ͸ɼ2ݩ࣍N = (2, 0)௒ରশCPN−1

γάϚ໛ܕΛίϯύΫτԽ͠12, 13, 14, 15)ɼϑΣϧϛΦϯ਺อ

ଘྔΛݻఆͯ͠ಘΒΕΔྔܥֶྗࢠͷҰྫ (N = 2ͷ৔߹)

Ͱ͋ΔɽචऀΒ͸ɼͦΕΒͷ໛ܕͰશͯͷόΠΦϯղΛٻ

ΊɼͦΕΒʹ෇ਵ͢Δγϯϒϧੵ෼Λ࣮͢ߦΔ͜ͱͰશͯ

ͷόΠΦϯ͔Βͷ४ݹయతد༩ΛٻΊͨ8)ɽͦΕʹରͯ͠

ෆఆੑͷ૬ࡴͱ͍͏ϦαʔδΣϯεཧ࿦͔Βͷཁ੥Λ՝͢

͜ͱʹΑͬͯɼ֤όΠΦϯղ͔Βͷد༩ͱͦͷ·ΘΓͷઁ

ಈڃ਺ϘϨϧ࿨͔Β੒Δ׬શͳτϥϯεڃ਺Λߏ੒͢Δ͜

ͱ͕Ͱ͖Δɽ্هͷΑ͏ʹɼN = 2ͷ৔߹ɼͦͷΑ͏ͳτ

ϥϯεڃ਺͸γϡϨʔσΟϯΨʔํఔ͔ࣜΒಘΒΕΔີݫ

݁ՌΛ͢ݱ࠶ΔɽҰํͰ N > 2ͷ৔߹͸ɼ൑໌͍ͯ͠Δ

׬Ռ͕Ұ෦Ͱ͋ΔͨΊɼϦαʔδΣϯεͷ݁Ռͱͷ݁ີݫ

શͳൺֱ͸Ͱ͖͍ͯͳ͍ɽ͔͠͠ɼผͷํݟΛ͢Ε͹ɼ্

ͷ݁Ռ͸ɼଞͷख๏Ͱ͸ಘΒΕͳ͍ඇઁಈత෺ཧྔΛܾه

ఆͰ͖Δͱ͍͏ϦαʔδΣϯεཧ࿦ͷ͞ྗڧΛ͍ࣔͯ͠Δɽ

·ͨɼྔࢠ࿦ɼͦΕ΋ ͰܕΔ໛͢܎ؔʹ࿦ࢠ৔ͷྔݩ࣍2

ϦαʔδΣϯεߏ଄͕׬શʹ໌֬Խ͞Εͨͷ͸ॳΊͯͰ͋

ΓɼϦαʔδΣϯεཧ࿦ͷ৔ͷྔࢠ࿦΁ͷԠ༻Մೳੑ͕ߴ

·ͬͨɽ

7. ඍ෼ํఔࣜͰͷϦαʔδΣϯεʹֶͿ

৅ΛΑΓਂ͘ཧղ͢ΔͨΊʹɼৗඍ෼ํఔݱ࿦Ͱͷࢠྔ

ࣜ (ODE)Ͱࣜܗత΂͖ڃ਺ղ͔ΒҰൠͷղΛߏ੒͢Δମ

ܥ (ODEͰͷϦαʔδΣϯεཧ࿦)Λઆ໌͠Α͏3)ɽ؆୯ͳ

ྫͱͯ͠ɼz = ∞ʹෆ֬ఆಛҟ఺Λͭ࣋ৗඍ෼ํఔࣜ

ϕ′(z) + ϕ(z) =
1

z
(37)

Λ͑ߟΔɽࣜܗత΂͖ڃ਺ղΦ0 =
∑∞

n=0 n! z
−n−1 ͷϘϨϧ

ม׵͸ BΦ0[t] =
1

1−t Ͱ༩͑ΒΕɼਖ਼ͷ্࣮࣠ʹಛҟ఺Λ࣋

ͭ8ɽҰൠղ͸ɼύϥϝʔλʔ σ ∈ RΛಋೖͨ͠τϥϯεڃ
਺ϕ(z;σ) = Φ0+σe−z Ͱ༩͑ΒΕɼͦͷϘϨϧ࿨͸ಛҟ఺

Λආ͚ΔඍখҼࢠ εΛؚΉԋࢉS±Φ0 ≡
∫∞e±iε

0 e−ztBΦ0(t)

8͜͜Ͱɼz ͸ྔֶྗࢠͷ 1/g ʹʹରԠ͢Δͱ͑ࢥ͹ྑ͍ɽ

Λ༻͍ͯ࣍ͷΑ͏ʹදΘͤΔ9ɽ

S±ϕ(z;σ) = S±Φ0(z) + σe−z. (38)

͜͜Ͱ͸ڥք৚݅ΛఆΊͯσΛܾΊͨͱ͠Α͏ɽͱ͜Ζ͕ɼ

ม਺ z = |z|eiθ͕ετʔΫεઢ θ = 0Λԣ੾Δࡍʹͦͷ઴ۙ

ΔͨΊɼղΛ༩͖͑ى৅͕ݱมԽ͢ΔετʔΫεʹܹٸ͕ܗ

Δσͷ஋͕ετʔΫεఆ਺ s = 2πiͷ෼͚ͩෆ࿈ଓʹมԽ͢

ΔɽϘϨϧ࿨ S±ʹؚ·ΕΔ±ε ͸ θͷඍখมԽͱಉ౳ͳͷ

ͰɼετʔΫεઢ θ = 0্Ͱ͸ S+ϕ(z;σ) → S−ϕ(z;σ+ s)

ͷΑ͏ͳ௓ͼ͕ੜ͡Δ͜ͱʹͳΔɽͦͷ݁Ռɼղͷ࿈ଓੑ

S+ϕ(z;σ) = S−ϕ(z;σ + s)͔Βɼ

S+Φ0(z)− S−Φ0(z) = 2πie−z (39)

ͱ͍͏͕ؔ܎ಘΒΕΔɽ͜ͷΑ͏ʹৗඍ෼ํఔࣜʹ͓͍ͯ

͸ɼ“ઁಈత”ͳ΂͖ڃ਺ Φ0 ͷϘϨϧ࿨͕ e−z ΛؚΉ “ඇ

ઁಈత”د༩ͱؔ܎෇͍͍ͯΔɽΤΧʔϧ (Ecalle)͸ඇઢܗ

ͳ৔߹ΛؚΉҰൠͷ ODEʹ͓͍ͯ΋ʮద੾ͳ਺ͷτϥϯ

εڃ਺ύϥϝʔλʔΛಋೖ͢Δ͜ͱͰɼৗඍ෼ํఔࣜͷղ

͕͜ͷΑ͏ͳࣜܗతղͷτϥϯεڃ਺ͱͯ͠ॻ͚Δʯͱ͍

͏ॏཁͳ࣮ࣄΛࣔͨ͠3)ɽ

ઁಈڃ਺ͱඇઁಈڃ਺ͷؔ܎Λ໌֬Խ͠ɼਅͷղΛಋग़͢

Δମܥ͸ΤΠϦΞϯղੳ (Alien calculus)ͱݺ͹ΕΔ3, 16, 17)ɽ

্ͷྫΛΤΠϦΞϯղੳͷݴ༿Ͱݟ௚ͯ͠ΈΑ͏ɽ·ͣε

τʔΫεઢΛ·͙ͨ 2ͭͷϘϨϧ࿨Λͭͳ͙࡞܈༻ͱͯ͠ɼ

ετʔΫεࣗݾಉܕSΛఆٛ͢Δɽ

S+ = S− ◦S, S = exp
[
e−z∆

]
(40)
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ϯඍ෼ͱݺ͹Εɼަ܎ؔ׵ [e−z∆, ∂σ] = 0Λຬͨ͠ɼτϥ

ϯεڃ਺ ϕ(z;σ)΁ͷ࡞༻͕ҎԼΛ༩͑Δɽ
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'00 � z' = 0Ex.) Airy equation

' = Ai(z) ⇡ e�
2
3 z

3
2 S±

X
anz

� 3
2n + � e

2
3 z

3
2 S±

X
bnz

� 3
2n

(Irregular singularity on z = ∞)

0  arg[z]  2⇡

Re[Ai(z)]



· Airy integral

Ai(g�2) =

Z 1

�1
d� exp


�i

✓
�3

3
+

�

g2

◆�

⇡
r

g

4⇡
exp

✓
� 2

3g2

◆

In integral, original contour decomposes into steepest decent contours 
(Lefschetz thimbles) associated with complex saddles

Thimbles associated with distinct saddles have 
nontrivial relation via Stokes phenomena 

Resurgent structure in integral For review for physicists, 
Cherman, Dorigoni, Unsal(14)
Tanizaki (14)



arg[g2] = 0+

Steepest descent method :  
original contour is decomposed into 
thimbles associated with saddle points.

C =
X

�

n�J�
Steepest descent contour 

= Thimble

· Airy integral

complex saddle points 

Ai(g�2) =

Z 1

�1
d� exp


�i

✓
�3

3
+

�

g2

◆�

� = ± i

g

Complex saddle contributions in thimble decomposition 
(Steepest descent method)

Resurgent structure in integral

arg[g2] = 0+

+
i

g

� i

g



arg[g2] = 0+

Re[S]  Re[S0]
J� Thimble

n� = hK�, Ci
Intersection number 

of dual thimble K 
and original contour

C =
X

�

n�J�

・

・

Im[S] = Im[S0]

· Airy integral

Ai(g�2) =

Z 1

�1
d� exp


�i

✓
�3

3
+

�

g2

◆�

Complex saddle contributions in thimble decomposition 
(Steepest descent method)

Resurgent structure in integral
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+
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n+ = hK+, Ci = 0

n� = hK�, Ci = 1

arg[g2] = 0+

C = J�C =
X

�

n�J�

arg[g2] = 0+

K�

J+

K+

J�
valid decomposition till arg[g2] =

2⇡

3
�

· Airy integral

Complex saddle contributions in thimble decomposition 
(Steepest descent method)

Resurgent structure in integral



C =
X

�

n�J�

Stokes phenomenon : at special arg[g2], 
thimble decomposition discretely changes

arg[g2] =
2⇡

3
+

arg[g2] =
2⇡

3
+

n+ = hK+, Ci = 1

n� = hK�, Ci = 1
K�

J+

K+

J�

· Airy integral

Complex saddle contributions in thimble decomposition 
(Steepest descent method)

C = J� + J+

Resurgent structure in integral



arg[g2] = �2⇡

3
! ⇡

C = J�

arg[g2] =
2⇡

3
+arg[g2] =

2⇡

3
�

Complex saddle contributions in thimble decomposition 
(Steepest descent method)

· Airy integral

Thimble decomposition is discretely 
changed at Stokes line. 
Airy function is continuous even at the 
Stokes line.

C = J� + J+

J�


2⇡

3

��
= J�


2⇡

3

+�
+ J+

Resurgent structure in integral



arg[g2] = �2⇡

3
! ⇡

Two thimbles have resurgent relation via 
ambiguity due to Stokes phenomena !

C = J�

arg[g2] =
2⇡

3
+arg[g2] =

2⇡

3
�

Complex saddle contributions in thimble decomposition 
(Steepest descent method)

· Airy integral

Thimble decomposition is discretely 
changed at Stokes line. 
Airy function is continuous even at the 
Stokes line.

C = J� + J+

Resurgent structure in integral



Resurgent structure is expected to be in quantum theory, 
thus perturbative series could include nonpert. information !

Perturbative imaginary 
ambiguity

Non-perturbative 
effect

Tatsuhiro Misumi

I. RESURGENCE

F [z,ϕ(z), ...,ϕ(k)(z)] = 0 (1)

z ∼ 1

g2
(2)

Φ0(z) =
∑

q

aqz
−q (3)

e−nAzΦn(z) (4)

ϕ±(z;σ) = S±Φ0(z) +
∑

n

σne−nAzS±Φn(z) (5)

S+Φ0(z)− S−Φ0(z) ≈ se−AzSΦ1(z) (6)

Sθ = Id−Discθ = exp
[∑

e−ωθz∆ωθ

]
(7)

e−ωθz∆ωθϕ(z;σ) ∝ ∂σϕ(z;σ) (8)

SθΦn = exp[e−Az∆A]Φn =
∞∑

l=0

(
n+ l
n

)
s1e

−lAzΦn+l (9)

In a certain class of quantum theories,  
we may be able to derive non-perturbative result 

from perturbation

Resurgent structure in ODE and integral



Possible questions to be asked

• Thimble decomposition is possible in QFT path integral ?

• Resurgent functions in resurgence theory for ODE can be 
extended ?

• How can we figure out the intersection number ?

• Resurgent structure in partial differential equations ?



3. Resurgent structure in quantum theory



Example in Double-well QM

・Perturbation in Double-well QM

SI =
1

6g2

Singularity on 
positive real axis

Bogomolny(77) Zinn-Justin(81)
Bender-Wu(73)

BPpert(t) =
1

⇡

1

t� 1/3

Im[Bpert(g
2e⌥i✏)] = Im

"Z 1e±i✏

0

dt

g2
e
� t

g2

⇡

1

t� 1/3

#
= ⌥e

� 1
3g2

g2

H =
p
2

2
+

x
2(1� gx)2

2

x(⌧) =
1

2g

✓
1 + tanh
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◆
Instanton 
solution

twice

aq = �3q+1

⇡
q!E0,pert =

X

q=0

aqg
2q

q � 1(        )



Instanton-antiinstanton configuration = Bion

10

C. 1 instanton + 1 anti-instanton

The amplitude of one instanton and one anti-instanton amplitude is composed of two configura-

tions [IĪ] and [ĪI], as shown in Fig. 2. In these cases, the interaction between the two constituents

is attractive, and the quasi moduli integral is ill-defined. Therefore we introduce the Bogomolnyi–

Zinn-Justin (BZJ) prescription [29, 30]: we first evaluate the integral by taking −g2 > 0, and then

we analytically continue the result from −g2 > 0 back to g2 > 0 in the complex g2 plane. This

procedure provides the imaginary ambiguity depending on the path of the analytic continuation

as −g2 = e∓iπg2.











!!!
!

!!!
!

[IĪ]











!!!
!

!!!
!

[ĪI]

FIG. 2: A schematic figure of an example of one-instanton and one anti-instanton amplitude ([IĪ], [ĪI]).

Each horizontal line stands for the vacuum in the sine-Gordon potential.

The amplitude of one-instanton and one anti-instanton configuration [IĪ] corresponding to the

left of Fig. 2 is obtained as

[IĪ]ξ−2 =

∫ ∞

0
dR exp

(

−
2

−g2
e−R − εR

)

|g2|$1−→
(

−g2

2

)ε

Γ(ε)

−g2=e∓iπg2−→ −
(

γ + log
2

e∓iπg2

)

+ O

(

1

ε

)

+ O(ε)

= −
(

γ + log
2

g2

)

∓ iπ + O

(

1

ε

)

+ O(ε) , (32)

where we perform the integral in the first line by considering −g2 > 0, and in the second line

analytically continue −g2 > 0 back to g2 > 0 in the complex g2 plane [29, 30]. The third line

shows a two-fold ambiguous expression of −g2 depending on the path of analytic continuation as

−g2 = e∓iπg2. As with the two-instanton case, we have subtracted the divergent part O(1/ε) while

the O(ε) term disappears in the ε → 0 limit.
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FIG. 11: The euclidean action density s(x1, x2) of neutral bion configurations for λ1 = 1/1000,λ2 = 1/1000

and φ = π/4 in the CP
1
model on R

1
× S

1
. The same action density is depicted in two ways, as a function

of x1, x2 (left) and x1 (right). There is no x2 dependence in the action density, with x2 being a coordinate

of the compactied dimension.

In that case, we obtain the angular coordinate fields of S2 as

Φ(x1, x2) = φ1 −
πx2
L

, cot
Θ(x1, x2)

2
= λ1e

−
πx1
L ∓ λ2e

πx1
L . (108)

This configuration starts from N at x1 = −∞. For the upper sign, it goes through S at

x1 = −L
π log(λ1λ2) and reaches to N with Θ = 2π at x1 = ∞, namely it winds once around the

great circle. The configuration represents the double instanton configuration of the sine-Gordon

quantum mechanics as shown in Fig.1. For the lower sign, the configuration returns back to N

with Θ = 0 at x1 = ∞ approaching but never reaching S at any point in −∞ < x1 < ∞. This

clearly represents the instanton and anti-instanton configuration [IĪ] of the sine-Gordon quantum

mechanics, as shown in the left panel of Fig. 2. The sine-Gordon quantum mechanics captures

only field configurations that can cover the (part of) S2 in the following specific fashion : When

x1 is varied with fixed x2, Θ goes along the great circle (namely fixed Φ), whereas x2 variation

with fixed x1 makes a rotation of Φ with the constant velocity by an amount π at fixed Θ. The

first homotopy group π1 for the sine-Gordon model is one for the upper sign and zero for the lower

sign, but the second homotopy group π2 for the CP 1 model is zero for the both cases. In Fig. 12,

we show the instanton–anti-instanton and instanton-instanton configurations in the sine-Gordon

quantum mechanics corresponding to ei(φ2−φ1) = ∓1 in Eq. (107), and how the corresponding

configuration of the CP 1 model in Eq.(108) cover the sphere S2. Here, each of fractional instanton
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I. INTRODUCTION

τ (1)

0 ≤ φ < 2π (2)

θ2 ≡ φ = 0 (3)

V [R] = −4κL

g2
cos θ2 e

−κR (4)

d2ψ

dx2
=

2m(V (x)− E)

!2 ψ (5)

[
H0 + g2Hpert

]
ψ(x) = Eψ(x) (6)

S =

∫
dt

[
m

2

(
dx

dt

)2

− V (x)

]
(7)

SE =

∫
dτ

[
m

2

(
dx

dτ

)2

+ V (x)

]
(8)

〈x = a|e−iHt/!|x = b〉 =

∫
d[x(t)] eiS[x(t)]/! (9)

〈x = a|e−Hτ/!|x = b〉 =

∫
d[x(τ)] e−SE [x(τ)]/! (10)

P (a → b) ≈ e−
1
!
∫ b
a dx

√
2mV (x) (11)

Bion
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Complex bion solution and its contribution
2

FIG. 1: Real and complex solutions in the inverted tilted double well
potential. The inverted potential (on the real axis) is shown in black,
the real bounce and associated critical and turning points are shown
in red, and the pair of complex bions and turning and critical points
are blue. The blue points correspond to zcr

1 and zT ,z⇤T in (6). Note
that the motion takes place in the real and imaginary parts of the
complex potential, as explained in the text.

where we have used the Cauchy-Riemann equations ∂xVr =
∂yVi, and ∂yVr = �∂xVi. An important aspect of (2) is that it
does not describe an ordinary two-dimensional classical me-
chanical system: the holomorphic classical mechanics is not
the same as the motion of a particle in the two-dimensional
inverted potential �Vr(x,y). Instead of the usual Newton
equations with force ~—Vr(x,y), the force in the x-direction is
due to —xVr(x,y) while the force in the y-direction is due to
�—yVr(x,y). This has interesting consequences.

Supersymmetric quantum mechanics: Consider supersym-
metric quantum mechanics with the superpotential W (x)

S =
Z

dt
� 1

2 ẋ
2 + 1

2 (W 0)2 +[ȳẏ+ pW 00ȳy]
�
, (3)

corresponding to p = 1. The parameter p will be used to
deform the theory away from the supersymmetric point [9].
We choose W (x) with more than one critical point, so that
there will be real instantons. By projecting to fermion number
eigenstates one obtains a pair of Hamiltonians H± [24]:

H± = 1
2 p̂

2 +V±(x) , V±(x) =
1
2 (W 0(x))2 ± p

2 W 00(x) . (4)

In the following we consider superpotentials of the form
W (x) = 1

gW (
pgx), and rescale x =pgx. Then the Euclidean

action takes the form SE = 1
g
R

dt( 1
2 ẋ2+V±(x)). We work with

the bosonized description (4). Note that compared to the orig-
inal bosonic potential 1

2 (W
0)2 the bosonized theory contains

an O(g) term that arises from integrating out the fermions.
The quantum modified holomorphic equations of motion in
the inverted potential �V+(z) is

d2z
dt2 =W 0(z)W 00(z)+

pg
2

W 000(z) . (5)

FIG. 2: Complex bion solution in supersymmetric quantum mechan-
ics with a double well potential. The black and red lines show the
real and imaginary part of the solution for pg = 1 · 10�6. The char-
acteristic size of the solution is Re[2t0]' 1

2 log 16
pg . For larger values

of pg the two tunneling event merge.

Double well potential: Consider W (x) = x3/3� x, so that
V (x) is an asymmetric double well potential with an O(g)
“tilt”. The ground state energy of the system is zero to all or-
ders in perturbation theory, but non-perturbatively supersym-
metry is spontaneously broken and the ground state energy
is non-zero and positive [24]. Note that the positivity of the
ground state energy is a consequence of the SUSY algebra,
H = 1

2{Q, Q̄}, where Q and Q̄ are the SUSY generators.
In the original formulation (3) this can be understood as the

contribution from approximate instanton-anti-instanton solu-
tions of the bosonic potential 1

2 (W
0)2 [9]. In the bosonized

version we seek classical solutions in the inverted potential
�V+. However, the real equations of motion in the inverted
potential have no finite action configurations except for the
trivial perturbative saddle, and an exact (real) bounce solu-
tion. But this bounce is related to the false vacuum and is
not directly relevant for ground state properties, which are de-
termined by saddles starting at the global maximum of the
inverted potential. But the real motion of a classical particle
starting at such a global maximum is unbounded, and has in-
finite action.

On the other hand, the holomorphic Newton’s equation (5)
does support finite action solutions starting from the global
maximum. There are exact finite action complex solutions
that start at the global maximum of the inverted potential and
bounce back from one of the two complex turning points,
whose real part is located near the top of the local maximum,
see Fig. 1. We refer to this as the “complex bion” solution:

zcb(t) = zcr
1 �

zcr
1 � zT

2
coth

⇣wcbt0
2

⌘
tanh

✓
wcb(t + t0)

2

◆

� tanh
✓

wcb(t � t0)
2

◆�
, (6)

where zcb(±•) = zcr
1 is the global maximum of the inverted

potential, and zT =�zcr
1 ± i

p
pg/(�zcr

1 ) are the complex turn-

d2z

d⌧2
=

@V

@z
x ! z = x+ iy

zcb(⌧) = z1 �
(z1 � zT )

2
coth

!⌧0
2


tanh

!(⌧ + ⌧0)

2
� tanh

!(⌧ � ⌧0)

2

�
zT , ⌧0 2 C

The imaginary ambiguity cancels that from perturbative series

・Contribution from complex bion

・Complex bion solutions

Ecb =
e
� 1

3g2

⇡g2

✓
g2

2

◆✏ 
� cos(✏⇡)�(✏)± i⇡

�(1� ✏)

�

Behtash, Dunne, Schafer, Sulejmanpasic, Unsal(15)
For other models including CPN-1 QM,
See Fujimori, et.al. (16)(17)

For precise summation of bion contributions,
see Sueishi (19).



Possible questions to be asked

• Non-trivial Borel singularities always correspond to 
complex solutions ? 

• How can we treat systems with fermions ?                  
By projection? By integrating out?

• Can we clarify relation of Stokes phenomena in semi-
classical calculation and Exact WKB analysis ?

• The same structure exists in quantum field theory ?
Sueishi-san’s talk on 18th



Examples in QFT and Matrix model

• 2D sigma model with compactification

• 3D Chern-Simons theory (with matter)

• 4D N=2 Super Yang-Mills on S^4 

• Matrix models & Topological String Theories

Schiappa, Marino, Aniceto(13~) Honda(16)

Gukov, Marino, Putrov(16-) Honda(16) Fujimori, Honda, Kamata, TM, Sakai(18)

Dunne, Unsal(12) TM, Nitta, Sakai(14)(15) Fujimori, et.al.(18) Ishikawa, et.al. (19)

Marino(07~) Marino, Schiappa, Weiss(09), Hatsuda, Dorigoni(15)

Prof. Dunne’s lecture on 8th
Hatsuda-san’s talk on 18th
Honda-san’s talk on 25th
Yoda-san’s poster on 11th



4. Resurgent structure in gauge theory



Infrared renormalon in QCD ‘t Hooft(79)

the dynamics of the theory for L ⌧ ⇤QCD
�1, which is carried either by instanton-monopoles

or bound states of instanton-monopoles known as bions.

On the other hand, non-abelian gauge theories on R4 are strongly coupled, and non-

perturbative e↵ects are notable. Even so, one may still hope that certain processes at short

distance scales, or large momentum transfer1 Q2 >> ⇤2

QCD
, are computable in perturbation

theory. In a certain class of n loop diagrams, however, the characteristic momentum running

through the loops is not Q2, but is exponentially suppressed with the number of loops2 n.

This suppression leads to n! growth of the diagram upon integration over the momentum

P running through the chain of loops (see the right panel of Figure 1), rendering the loop

expansion non-Borel summable (for review see [10, 11]). Another way of saying this is that

the Borel plane contains poles on the real axis, which generate ambiguities in the calculation,

depending on whether the pole is circumvented from above or from below. The class of

diagrams su↵ering from this problem are referred to as the renormalon diagrams and the

corresponding non-Borel summability is the (in)famous renormalon problem [12].

Borel non-summability of the perturbation theory is not in itself surprising and was

argued by Dyson long time ago3 [14]. This problem also appears in quantum mechanics, but

there the divergence is caused by the factorial proliferation of the number of the Feynman

diagrams. In fact, one finds that such divergence is cured by instanton–anti-instanton events

[15, 16], and has a priori nothing to do with the renormalon problem.

Figure 1. Left: the vacuum polarization with all corrections. Right: Particular contribution to the
vacuum polarization often referred to as the renormalon diagram.

It was recently suggested in [17, 18] that IR renormalon ambiguity cancellation can be

understood in terms of semi-classical instanton-monopole solutions appearing in the theory

on R3
⇥ S1, but which do not appear on R4. This idea was substantiated by the detailed

analysis of two-dimensional models on R ⇥ S1 [19–22], which have extra non-perturbative

saddles compared to the theory on R2 (these are analogous to the instanton-monopoles in

gauge theories). Since these theories reduce to quantum mechanics for small L, a resurgent

1Capital letters are used to denote the 4-momenta, and small letters denote the spatial 3-momenta.
2This suppression is caused by the appearance of logarithms in the one loop vacuum polarization diagrams

(see Section 2 and [10, 11] for more details.), which we revisit in this work on R3 ⇥ S1.
3Although it is true that the perturbation series is divergent, it was pointed out that Dyson’s argument

may not be entirely valid [13].
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Singularity on real axis (                         )

Then, we can define the perturbative sum for the non-alternating series as the analytic con-

tinuation of B0(g2) in the g2 complex plane from negative coupling, g2 < 0, to the positive

real axis, g2 > 0. This can be done in one of the two ways as shown in Fig. 2. Approaching

the positive real axis clock-wise (from above) and counter-clock-wise (from below).

B0(|g2| ± i�) = ReB0(|g2|)± i ImB0(|g2|) where ImB0(|g2|) ⇤ e�2SI ⇤ e�2A/g2 (6.4)

is the ambiguous part, and is a manifestation of non-Borel-summability [compare with (1.22)].

A definition of the Borel sum equivalent to what we described above through analytic

continuation in the complex g2-plane is the directional (sectorial) Borel sum. Define

S�P (g2) ⇥ B�(g
2) =

1

g2

� ⌅·ei�

0
BP (t) e�t/g2dt, (6.5)

C+

C�

t

Figure 9. Lateral, or right and left, Borel sums. Dark circles are singularities (poles or branch
points). Whenever a singularity exists between the right and left Borel sums, the theory is non-Borel
summable. The singular direction in the t-plane corresponds to a Stokes line in the complex g2-plane,
see Fig.2. The di�erence of the sectorial sums in passing from ⇥ = 0� to ⇥ = 0+ is the Stokes “jump”
across a Stokes ray.

A special case of this is the lateral Borel sum. The function B�±(g2) is associated with

contours just above and just below the ray at angle ⇥, and is called right (left) Borel resum-

mation. If there are no singular points in the ⇥ direction, then the left and right Borel sums

are equal, and the theory is sectorial Borel summable in the ⇥-direction. A theory for which

there are no singularities on ⇥ = 0 is called Borel summable in physics. In many cases, there

is a ray of singular points of the Borel transform BP (t), as shown in Figure 9. Then, the

theory is non-Borel summable, but left and right Borel summable. The ambiguity described

above, associated with whether we approach the real positive axis from above or below in

the complex g2-plane, in the latter language, maps to the choice of the integration contour

in the Laplace-transform. The integral is, of course, dependent on the choice of the contour,
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could be related to QCD scale  
and low-energy physics 
→    IR renormalon

◆Adler function and renormalon

the Borel integral of the divergent series is indeed cancelled by the twofold ambiguity

in the exponential term. Without more knowledge of the exact function than what is

usually available in field theories, this is a heuristic line of thought. It also assigns a

privileged role to Borel summation, as sign-alternating series (a < 0) are then believed
not to require adding exponentially small terms, while from the point of view of (2.4)

there is no difference between sign-alternating and fixed-sign series. As will be seen later,

the chain

fixed-sign factorial
divergence

=⇒ ambiguity of the
Borel integral

=⇒ addition of exponentially
small terms

(2.13)

is supported by physics arguments and calculations in toy models. However, it is impor-

tant to bear in mind that it is not rigorous.

2.2 Renormalons

This section provides a first, non-technical introduction to renormalon divergence. We

begin with a short and classic calculation and interpret it afterwards.
Consider the correlation functions of two vector currents jµ = q̄γµq of massless quarks

(−i)
∫

d4x e−iqx 〈0|T (jµ(x)jν(0))|0〉 =
(

qµqν − q2gµν

)

Π(Q2) (2.14)

with Q2 = −q2. We now compute the contribution of the fermion bubble diagrams
shown in Fig. 1 to the Adler function

D(Q2) = 4π2 dΠ(Q2)

dQ2
. (2.15)

The set of selected diagrams is gauge-invariant, but it is not the only set of diagrams

that contributes to renormalon divergence. It is selected here for illustration and a

systematic investigation is postponed to Section 3. Renormalons were originally found

in bubble diagrams (Gross & Neveu 1974; Lautrup 1977; ’t Hooft 1977), and these
diagrams still feature so prominent in discussions of renormalons that sometimes they

are even identified with them.

The Adler function requires no additional subtractions beyond those contained in

the renormalized QCD Lagrangian. Therefore no regularization is needed, provided the

fermion loop insertions are renormalized. The renormalized fermion loop is given by

− β0fαs

[

ln(−k2/µ2) + C
]

(2.16)

with a scheme-dependent constant C and β0f = NfT/(3π) the fermion contribution to

the one-loop β-function.6 In the MS scheme C = −5/3.
6Unless otherwise stated, αs denotes the strong coupling renormalized in the modified minimal
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・Non-trivial Polyakov-loop holonomy for small S1

QCD(adj.) on R3 × S1

1/N fractional instantons (Q=1/N, S=SI/N)

BPS KK

BPS KK
(2,0) (−2, 0)

(1, 1/2) (−1, 1/2)

(−1, −1/2) (1, −1/2)

Figure 2: (Left)Magnetically and topologically charged monopoles carry compulsory fermion zero-
modes. Consequently, they cannot induce a bosonic potential for the dual photon. (Right) Topologi-
cally null, magnetically charged bions have no external fermionic legs. Hence, they induce the leading
bosonic potential, which implies mass for the dual photon and confinement. The figure is for SU(2)
with nf = 2. The combination of the BPS- KK monopoles (which is not depicted) is an instanton (or
caloron). It is present in confined phase, but is not the source of the dual photon mass term.

shift symmetry, cannot prohibit a mass term for the scalar σ. Clearly, a term e−S0 cos σ is
forbidden by Z2. But its square is an allowed operator. If fermions were not present,

e−S0 cos σ ∼ e−S0(eiσ + e−iσ) (2.18)

would be an allowed term as in the Polyakov’s discussion of the Georgi-Glashow model, and
would induce a mass term of order e−S0/2 for dual photon. However, because of the index
theorem 2.11, a monopole must come with fermion zero-modes, and a term such as eiσ cannot
appear on its own, but must appear in combination eiσ detI,J ψIψJ .

Symmetry principles also tell us that, at the e−2S0 order, we can write

[e−S0 cos σ]2 ∼ e−2S0(1 + 1 + e2iσ + e−2iσ) (2.19)

and this would generate a mass term for the dual photon, hence leading to confinement. We
wish to understand the dynamical origin of this potential.

Let us first forget about the issues about fermion zero-modes, and decide on the basis
of quantum numbers, which objects may contribute to the nonperturbative potential. Since
we know that, due to index theorem, such an object can not be a monopole, let us enlist
all possible pairs of monopoles, the magnetic and topological charges of constituents and
pairs, and the types of the long range Coulomb interactions, repulsive or attractive. In
nonsupersymmetric QCD(adj) with 2 ≤ nf ≤ 4, the list of all Coulomb interaction channels

– 10 –

cf.)SU(2)

Neutral bion = IR-renormalon 

Argyres-Unsal (12)

Conjecture : Neutral bion is identified as IR-renormalon 

???

P = diag[1, e2�i/N , e4�i/N , · · ·, e2�(N�1)i/N ] PN = 1(           )

Prof. Unsal’s lecture on 10th
Prof. Cherman’s lecture on 22th
Morikawa-san’s talk on 24th
Yamazaki-san’s talk on 25th

For YM on R3×S1 with ’t Hooft twist 
see also Yamazaki, Yonekura(17),  Itou(19).
For confinement via magnetic bions,
see Unsal(07).



・ZN-twisted boundary condition on S1 direction

CPN-1 model on R1 × S1

1/N fractional instantons (Q=1/N, S=SI/N)

Bion imaginary ambiguity seems 
consistent with IR-renormalon.
But, is it related to renormalon on R2 ?
There have been arguments.

Dunne-Unsal (12)

Conjecture : Complex bion is identified as IR-renormalon 

31

which contains the ordinary one-instanton BPS solution (Q = 1) in the limit of small separation

of two fractional instantons is given by

HII
0 (z) =

(
λ1e

iφ1e−
πz
L + λ2e

iφ2e
πz
L , 1

)
. (104)

This is a composite of (a) and (d) in Fig.10. The inhomogeneous coordinate of CP 1 now reads

HII
1

HII
2

=
HII

0,1

HII
0,2

= λ1e
−πx1

L ei(φ1−πx2
L ) + λ2e

πx1
L ei(φ2+

πx2
L ), (105)

which cannot satisfy the assumption (96) of the Scherk-Schwarz reduction. This is because in

the reduced sine-Gordon model a configuration starting from N and ending at S [(a) in Fig. 10]

cannot be connected to another configuration starting from N and ending at S [(d) in Fig. 10]. The

former can be connected only to a configuration starting from S and ending at N. Therefore the

BPS two fractional instanton solution cannot be described by the sine-Gordon quantum mechanics

even in the limit of small L. More generally, all the BPS multi-fractional-instanton solutions are

inconsistent with the Scherk-Schwarz reduction and hence the sine-Gordon quantum mechanics

fails to capture them. This is consistent with the fact that configurations containing n-instantons

(n ≥ 2) are always non-BPS in the sine-Gordon quantum mechanics.

s(x1, x2)

x

y

0

2

4

42
0

0

1

−1

−2−4

x1

x2

x1

)

0

2

4

−4 40 2−2

s(x1, x2)

FIG. 11: The euclidean action density s(x1, x2) of neutral bion configurations for λ1 = 1/1000,λ2 = 1/1000

and φ = π/4 in the CP 1 model on R1 × S1. The same action density is depicted in two ways, as a function

of x1, x2 (left) and x1 (right). There is no x2 dependence in the action density, with x2 being a coordinate

of the compactied dimension.

Next let us consider the non-BPS configuration of neutral bion, which is a composite of a

fractional instanton and a fractional anti-instanton as depicted in Fig. 11. We can write down an

s(x1,y1)

3.2 ZN -twisted CPN�1
model and its anomaly

We consider the circle compactification from R2 to R⇥ S1 3 (x1, x2), where the circumfer-
ence L of the circle S1, i.e. x2 ⇠ x2+L, is regarded to be small. We impose the ZN -twisted
boundary condition,

~z(x1, x2 + L) = ⌦~z(x1, x2), (3.8)

where (! = e2⇡i/N )
⌦ = diag(1,!, . . . ,!N�1). (3.9)

We call this as ZN -twisted CPN�1 sigma model, and we denote its partition function at ✓

as Z✓,⌦.
For our purpose, it is better to regard this twisting matrix ⌦ as a holonomy of SU(N)

gauge field A along compactified direction. Indeed, the boundary-condition-changing SU(N)

gauge transformation makes the boundary condition of ~z periodic (up to U(1) gauge sym-
metry) and the price to be paid is the background SU(N) holonomy / ⌦. When SU(N)

is gauged, there is a ZN one-form symmetry and it induces the ZN zero-form symmetry,
⌦ 7! !⌦. What is special for this choice of the nontrivial holonomy ⌦ is that the above ZN

transformation induces the symmetry given by

~z =

0

BBBBBB@

z1
z2
...

zN�1

zN

1

CCCCCCA
7! S~z =

0

BBBBBB@

z2
z3
...
zN
z1

1

CCCCCCA
, S =

0

BBBBBB@

0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

...
0 0 0 · · · 1

1 0 0 · · · 0

1

CCCCCCA
. (3.10)

We call this a shift symmetry, and it is a faithful transformation on the physical spectrum.
As an example, a gauge-invariant operator |z1|2 is mapped to another gauge-invariant op-
erator |z2|2. When the transformation S is performed as ~z 7! ~z0 = S~z, the boundary
condition for the transformed field becomes

~z0(x1, x2 + L) = S⌦S�1~z0(x1, x2) = !⌦~z0(x1, x2). (3.11)

That is, the ZN zero-form symmetry on the Polyakov loop ⌦ is intertwined with the shift
symmetry ZN generated by S in order to maintain the boundary condition (3.8), and we
call it (ZN )S . The symmetry (ZN )S acts on local operators on R as

~z 7! S~z, exp

✓
i

Z

S1
a

◆
7! !�1 exp

✓
i

Z

S1
a

◆
. (3.12)

We give a short summary of the situation: The compactified theory obtained here has
a (ZN )S zero-form symmetry, and it is induced by the ZN one-form symmetry in two
dimensions when SU(N) is gauged. Continuous part of the flavor symmetry is explicitly
broken to U(1)N�1/ZN , but it is not relevant for the following discussion and we do not
introduce gauge fields for it.

As a result, the ’t Hooft anomaly (or global inconsistency) in two dimensions has
the same meaning in the ZN -twisted CPN�1 model on R ⇥ S1. The ZN -twisted CPN�1
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Fujimori-san’s &
Morikawa-san’s talks on 24th
Yamazaki-san’s talk on 25th

Fujimori,et.al. (16)(17)(18)

Bion

Ishikawa, et.al. (19)    Yamazaki, Yonekura (19) etc….



Adiabatic continuity in compactified QFT

Adiabatic continuity conjecture:  Vacuum structure & ZN symmetry 
persist during ZN-twisted compactification

If adiabatic continuity exists,
the resurgent structure on compactified spacetime

has implications on decompactified spacetime.     

Cherman, Schafer, Unsal (16), (See also Iritani, Itou,TM(15))

• 2D ZN-twisted model 
• QCD(adj.) + ZN-twisted quarks
• YM with ’t Hooft twist

Sulejmanpasic (16) Tanizaki, TM, Sakai (17) Hongo, Tanizaki, TM(18)
TM, Tanizaki, Unsal(19) Fujimori, et.al. (20)

Prof. Unsal’s lecture on 10th
Prof. Cherman’s lecture on 22th
Fujimori-san’s talk on 24th
Chen-san’s, Itou-san’s, Tanizaki-san’s posters on 11th

Yamazaki, Yonekura (17), Itou (19)



5. Further applications of resurgence theory



Further applications
• Condensed matter physics, High-Tc superconductor

• Hydrodynamics, Fluid dynamics

• Schwinger mechanism

• Quantization conditions via exact-WKB,  TBA equations

• Cosmology & Astrophysics

• Phase transition

Prof. Dunne’s lecture on 8th
Hatsuda-san’s talk on 18th
Honda-san’s talk on 25th
Posters by Arraut, Du, Harris, Imaizumi, Shimazaki, Yoda 



Goals of this workshop

1. Review the novel techniques for nonperturbative effects 
of QFT, focusing on resurgence and the related techniques.

2. Study and summarize the very recent results in the 
techniques.

3. Raise and consider questions in the techniques and their 
physical results.

4. Propose their applications to physical problems other 
than pure QFT.

5. Discuss the questions and applications, and produce new 
works by collaborating with the participants.


